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Abstract
Recent developments in the study of the moonshine phenomenon, including umbral
and Conway moonshine, suggest that it may play an important role in encoding the
action of finite symmetry groups on the BPS spectrum of K3 string theory. To test
and clarify these proposedK3-moonshine connections, we study Landau-Ginzburg orb-
ifolds that flow to conformal field theories in the moduli space of K3 sigma models. We
compute K3 elliptic genera twined by discrete symmetries that are manifest in the UV
description, though often inaccessible in the IR. We obtain various twining functions
coinciding with moonshine predictions that have not been observed in physical theories
before. These include twining functions arising from Mathieu moonshine, other cases
of umbral moonshine, and Conway moonshine. For instance, all functions arising from
M11 ⊂ 2.M12 moonshine appear as explicit twining genera in the LG models, which
moreover admit a uniform description in terms of its natural 12-dimensional represen-
tation. Our results provide strong evidence for the relevance of umbral moonshine for
K3 symmetries, as well as new hints for its eventual explanation.
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1 Introduction
Five years after the observation relating the elliptic genus ofK3 and the sporadic group
M24 [1], the mystery of M24 moonshine remains. In the meantime, great progress has
been made in the understanding of both the nature of this type of moonshine and the
symmetries of K3 sigma models and K3 string theory in general. See [2–26].
In the former category, it was realized thatM24 moonshine is but one out of 23 cases
of the so-called umbral moonshine [4,12]. The main data to describe umbral moonshine
consist of the 23 Niemeier lattices N(X), each of them uniquely determined by its root
system X , which is one of the 23 unions of ADE root systems of the same Coxeter
number with total rank 24. Recall that (up to isomorphism) there are exactly 24 rank
24, positive definite, self-dual, and even lattices. These include the 23 Niemeier lattices
as well as the Leech lattice which does not contain any roots (lattice vectors with norm
square 2). To each of the 23 Niemeier lattice N(X) we associate a finite group, the
“umbral group” G(X), defined as the automorphism of N(X) modded out by the Weyl
group of the root system X . At the same time, using recent results on mock modular
forms, we uniquely associate a mock Jacobi form ψXg with special properties to every
conjugacy class [g] of the group G(X). Given the group G(X) and the functions ψXg ,
the umbral moonshine conjecture states that there exists a naturally defined infinite-
dimensional module for G(X) such that the Fourier expansion of ψXg is nothing other
than the (graded) g-character of this module. The existence of such a module has
been proven in [27, 28]. The case of umbral moonshine with the simplest root system
X = 24A1 reproduces M24 moonshine (note that G(24A1) ∼=M24) [1, 2, 29–33].
A natural question is: what is the physical context of umbral moonshine? In
particular, given the (at the very least historical) relation betweenM24 moonshine and
K3 CFTs, one might wonder whether the other 22 cases of moonshine also share a
relation to K3 CFTs. In part inspired by the important role of Niemeier lattices in
describing the geometric symmetries of K3 surfaces [34], such a relation was proposed
in [35]. In particular, for each of the 23 X and g ∈ G(X), a (weight 0, weak) Jacobi
form φXg , constructed in a simple and uniform way from the mock Jacobi form ψ
X
g ,
was proposed to play the role of the twined K3 elliptic genus when the symmetry can
be realized as a symmetry of some K3 sigma model. This proposal has passed a few
consistency checks [35], for instance for the group elements g that can be realized as
Landau-Ginzburg Orbifolds and Symmetries of K3 CFTs 4
geometric symmetries.
In the latter category, we have learned a lot about the symmetries of K3 sigma
models in the past years. First, a CFT analogue of Mukai’s classification theorem of
hyper-Ka¨hler-preserving (or symplectic) automorphisms of K3 surfaces [36] has been
established for K3 sigma models. Extending the lattice arguments in [37], it was
shown in [38] that all symmetries of non-singular K3 CFTs preserving N = (4, 4)
superconformal symmetry are necessarily subgroups of the Conway group (Co0, often
known as the automorphism group of the Leech lattice) that moreover preserve at
least a four-dimensional subspace in the irreducible 24-dimensional representation of
the group. (Throughout the paper we will call such subgroups the “4-plane preserving
subgroups.”) This classification was later rephrased in terms of automorphisms of de-
rived categories on K3 in [39], and was moreover proposed to govern the symmetries of
the appropriately defined moduli space relevant for K3 curve counting [40]. Partially
motivated by the proposed relation between umbral moonshine and K3 CFTs, this
classification has been extended to include the singular CFTs in the moduli space of
K3 sigma models [41]. Inspired by the classification in [38, 39], a fascinating conjec-
ture was made in [26] on the relation between these symmetries in the K3 setup and
the Conway moonshine module [42–45]. The Conway moonshine module is a chiral
superconformal field theory with c = 12 and symmetry given by the Conway group. In
particular, to each 4-plane preserving conjugacy class [g] of the Conway group Co0 one
attaches at most two weight 0 Jacobi forms, denoted φĝ and φĝ′ (φĝ = φĝ′ whenever
the element g fixes more than a 4-plane). In [26] it was conjectured that K3 twining
genera coincide with such functions φĝ and φĝ′ arising from the Conway moonshine
module.
One of the motivations of the current work is to gather evidence for (or against)
the aforementioned proposals relating symmetries of K3 CFTs to umbral and Conway
moonshine. One of the difficulties is that, apart from the special loci of torus orbifolds
which describe theories exhibiting atypical symmetries not directly related to umbral
moonshine [38], we have extremely little computational control at generic points in the
moduli space of K3 sigma models. The Landau-Ginzburg (LG) orbifold description of
K3 sigma models provides a powerful way in which symmetries can be studied explicitly
and twining genera can be easily computed. Recall that LG orbifold theories are a 2d
quantum field theory with N = (2, 2) supersymmetry. In this paper we focus on such
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theories that flow in the IR to a c = 6, N = (4, 4) superconformal field theories in the
moduli space of K3 sigma models. The first goal of this article is to exploit the power
of the UV description to gather more data on the twining genera of K3 CFTs, and to
compare them with the predictions from umbral and Conway moonshine. Needless to
say, such data will be extremely valuable for future endeavors to further elucidate the
precise relation between umbral moonshine and K3 physics.
A second motivation to study the LG orbifold theories as models for symmetries
of K3 CFTs is the following. Due to the topological nature of the elliptic genus, the
computation of the twining genera depends only very roughly on the detailed properties
of the theory. As a result, which we will explain in detail in §2.3, twining genera arising
from symmetries of different models often share a uniform description. This leads to
the possibility that the LG description furnishes a framework to combine symmetries
arising from different points in the moduli space of the K3 CFT to obtain the action
of a larger group (on the Q+ cohomology whose graded trace gives rise to the elliptic
genus). We will explore this possibility with a specific example in §4.2.
By exploiting the LG description of K3 sigma models and studying their manifest
discrete symmetries which are often inaccessible in the IR, we are able to realize certain
predictions from umbral moonshine for the first time in a physical theory. Moreover,
from these data we offer strong evidence for the relation between umbral moonshine
and K3 CFTs. In particular, the results in this paper confirm that not only M24
moonshine but also the other 22 cases of umbral moonshine appear to be relevant for
symmetries of K3 CFTs, as we have also obtained twining genera coinciding with the
predictions of umbral moonshine corresponding to the root systems X = 12A2, 6D4
and 8A3. Next, by considering a novel type of “asymmetric symmetries” we obtain
twining genera coinciding with functions arising from umbral moonshine with com-
plex multiplier systems, which have previously not been realized in the context of K3
sigma models to the best of our knowledge, including those that do not arise from the
Conway module. Finally, by exploiting the invariance of elliptic genus under Q+-exact
deformations, we arrive at a uniform description of all twining functions corresponding
to group elements of M11 ⊂ 2.M12, as predicted by the X = 12A2 umbral moonshine,
despite the fact that there is no LG model with symmetry group as large as M11.
The plan of the rest of the paper is as follows. In §2, we review the necessary aspects
of the correspondence between Landau-Ginzburg theories and minimal models, and its
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generalization to orbifolds thereof. We also review the computation of the elliptic
genus in such theories, and the twining genera when the theory possesses a discrete
symmetry.
In §3 we will study specific Landau-Ginzburg orbifolds describing K3 sigma models
and present their twining genera. Our primary examples will be theories with six chiral
superfields and cubic superpotentials, of which the most famous representative is the
Fermat model which flows to the (1)6 Gepner model. Their geometric interpretation
is described in Appendix A. Their N = (4, 4)-preserving automorphism groups include
certain maximal subgroups of umbral groups and give rise to interesting twining func-
tions coinciding with predictions from umbral and Conway moonshine. Analogously,
in §3.2 we will analyze theories with four chiral superfields and quartic superpotentials.
The explicit descriptions of the symmetry groups of all the models discussed, as well
as the tables recording the twining data, are collected in Appendix B.
In §4.1 we explore a novel type of symmetry of LG orbifold models – those that
act differently on different components of a chiral superfield and preserve two of the
supercharges and the Lagrangian of the theory. Considering this class of symmetries
allows us to recover more functions predicted by umbral moonshine. In particular,
they often lead to twining genera with complex multiplier systems which have not
been previously realized in the context of K3 CFTs. In §4.2, we present a uniform
description for the twining functions corresponding to group elements ofM11 ⊂ 2.M12,
given by the natural 12-dimensional representation of the Mathieu group M11. We
conclude in §5 with a summary and discussions on open questions and future directions.
2 LG Orbifolds, Gepner Models, and Geometry
In this section we will first briefly review the connection between N = (2, 2) Landau-
Ginzburg models and N = (2, 2) superconformal minimal models (MM). In §2.2 we
will review the relation between LG orbifolds, Gepner models, and the sigma models
describing Calabi–Yau manifolds. In particular, we summarize the computation of the
elliptic genera of the corresponding CFTs from the point of view of LG orbifolds. We
will pay special attention to our main cases of interest: LG orbifolds describing c = 6,
N = (4, 4) superconformal theories lying in the moduli space of K3 sigma models. In
§2.3 we discuss specific types of symmetries of LG orbifolds and derive an expression
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for the corresponding twining genera.
2.1 A Review of the N = 2 LG/MM Correspondence
In this subsection we review the connection between N = 2 Landau-Ginzburg models
and N = (2, 2) superconformal minimal models following [46]1.
An N = (2, 2) superconformal field theory, of which our N = (4, 4) models are a
special case, is characterized by the following operator product expansions
T (z)G±(0) ∼ 3
2z2
G±(0) +
1
z
∂G±(0)
T (z)J(0) ∼ 1
z2
J(0) +
1
z
∂J(0)
G+(z)G−(0) ∼ 2c
3z2
+
2
z2
J(0) +
2
z
T (0) +
1
z
∂J(0)
G+(z)G+(0) ∼ G−(z)G−(0) ∼ 0
J(z)G±(0) ∼ ±1
z
G±(0)
J(z)J(0) ∼ c
3z2
,
together with the corresponding right-moving counterparts. Here T (z) is the stress-
energy tensor, J(z) is the U(1) R-current, and G±(z) are the two supercharges. The
N = 2 unitary minimal models form a discrete series with central charges given by
c = 3 kk+2 , k = 1, 2, ... . The minimal models also have a coset description that takes
the form
su(2)k⊕u(1)2
u(1)k+2
. Importantly, the models (that moreover possess the spectral
flow symmetry, see for instance [51]) enjoy an ADE classification [52,53] based on how
one combines left- and right-moving characters of superconformal algebras to form
modular invariant partition functions. In this language, k+2 is the Coxeter number of
the relevant ADE Dynkin diagram. This ADE classification has an avatar in the LG
picture, namely the ADE classification of singularities, or catastrophes, that appear
in the superpotential [54, 55].
While minimal models are genuine superconformal field theories, the LG models
are generically massive, super-renormalizable N = 2 supersymmetric quantum field
theories. Such a theory has four supercharges, which come in two complex conjugate
1For more references containing early tests of the two dimensional LG/MM correspondence with various
numbers of supercharges, see for example [47–50].
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pairs labeled by their parity under the two-dimensional Lorentz group. They obey:
Q2± = Q
2
± = 0, {Q±, Q±} = 2(H ∓ P ) (2.2a)
{Q+, Q−} = 2Z, {Q+, Q−} = 2Z∗ (2.2b)
{Q−, Q+} = 2Z˜, {Q+, Q−} = 2Z˜∗ (2.2c)
[FV , Q±] = −Q±, [FV , Q±] = Q± (2.2d)
[FA, Q±] = ∓Q±, [FA, Q±] = ±Q± (2.2e)
where Z, Z˜ are central charges, and FV and FA generate two R-symmetries U(1)V and
U(1)A. We will be interested in theories with vanishing Z, Z˜ and conserved U(1)V,A
symmetries.
The supercharges can be represented as derivatives in superspace as
Q± =
∂
∂θ±
+ iθ±
(
∂
∂x0
± ∂
∂x1
)
, Q± = −
∂
∂θ±
− iθ±
(
∂
∂x0
± ∂
∂x1
)
. (2.3)
These commute with the superderivatives
D± =
∂
∂θ±
− iθ±
(
∂
∂x0
± ∂
∂x1
)
, D± = − ∂
∂θ±
+ iθ±
(
∂
∂x0
± ∂
∂x1
)
. (2.4)
which we can use to define certain superfields.
A chiral superfield is defined to obey
D±Φ = 0 (2.5)
and can be expanded in components, suppressing the dependence on the worldsheet
coordinates, as
Φ = ϕ+
√
2θ+ψ+ +
√
2θ−ψ− + 2θ
+θ−F + . . . (2.6)
where . . . contains derivative terms.
A Landau-Ginzburg Lagrangian is built out of these chiral superfields and takes
the form
L =
∫
d2x d4θK(Φ,Φ)−
∫
d2x d2θW (Φ) + h.c. (2.7)
whereK(Φ,Φ) is the Ka¨hler potential (D-term) which we will assume to be ΦΦ for sim-
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plicity and without loss of generality, andW (Φ) is the superpotential (F-term). We will
always take the latter to be quasi-homogeneous in order to preserve the R-symmetry.
While the Ka¨hler potential, which contains the kinetic terms, gets renormalized along
the renormalization group (RG) flow, the superpotential does not. Thus, a LG theory
may be considered to be completely characterized by its superpotential, at least when
one is interested in RG-invariant quantities as we will be.
One of Witten’s tests of the LG/MM correspondence goes as follows. Recall that the
elliptic genus of an N = (2, 2) supersymmetric conformal field theory in the Ramond-
Ramond sector is defined as [56–58]
Z(τ, z) = TrHRR
(
(−1)F yJ0qL0−c/24qL¯0−c/24) (2.8)
where q = e2piiτ , y = e2piiz, F = FL + FR is the total fermion number, the sum of left
and right-moving fermion numbers, and J0 is the zero-mode of the left-moving U(1)
R-symmetry generator. The variables (τ, z) are valued in H × C and can be viewed
as the chemical potentials for the energy and U(1) charge of the theory, respectively.
Moreover, the superconformal algebra dictates that (−1)FR = (−1)J0 on all states and
similarly for the left-movers. We have placed Ramond boundary conditions on both the
left and right-moving fermions. For a compact theory this is a holomorphic function,
receiving only contributions from right-moving ground states. Moreover, it is actually
a weak Jacobi form of weight 0 and index d/2 in the case of a SCFT with c = 3d, in
particular a sigma model for a Calabi-Yau d-fold [59, 60]. Recall that a weak Jacobi
form φ(τ, z) of weight k and index m is a function satisfying the following modular and
elliptic transformation laws:
φ
(
aτ + b
cτ + d
,
z
cτ + d
)
= (cτ + d)ke2piim
cz2
cτ+dφ(τ, z) ,

a b
c d

 ∈ SL2(Z) (2.9)
φ (τ, z + µτ + λ) = e−2piim(µ
2τ+2µz)φ(τ, z) , µ, λ ∈ Z, (2.10)
and is moreover bounded as τ → i∞ for any given z ∈ C. The elliptic genus has
the advantage of being more readily computable than the full partition function of a
theory, and is constant in a connected component of the CFT moduli space. Moreover,
it is invariant under RG flow. This property will enable us to compute it directly in
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the (non-superconformal) LG theory in the UV.
Since the N = 2 minimal models are conformal field theories, their elliptic genus
can be computed directly. First, one computes the characters of N = 2 superconformal
algebra [61, 62] in a representation R:
χR(τ, z) = TrR(−1)F qL0−c/24yJ0 (2.11)
The representationR is labeled by the eigenvalues of the highest weight state under the
left-moving Hamiltonian and U(1)R zero modes, L0, J0, respectively. Witten focuses
on the A-series of minimal models, which means that combining left and right-movers
into a full partition function means simply taking a diagonal sum of tensor products of
the left and right-moving N = 2 multiplets. After specializing the partition function
to the elliptic genus (by turning off the right-moving U(1)R chemical potential), he
obtains
Z(τ, z) =
∑
α
′χRα(τ, z) (2.12)
where the prime on the sum means to sum over representations Rα whose ground state
has HR = 0. In this case one can also express the characters themselves in terms of
the elliptic genus.
To compare to the corresponding quantity in LG models, Witten computes the path
integral of the latter on a torus with appropriate boundary conditions. The elliptic
genus can be interpreted as the index of a certain supercharge in the LG theory, given
by
Q+ =
∫
dx1
(
iψ+(∂0 + ∂1)ϕ+
∂W
∂ϕ
ψ−
)
. (2.13)
Since the elliptic genus is an index, it is invariant under continuous deformations of
the Lagrangian and one can turn off the superpotential and compute the elliptic genus
in a free field limit. Here, the twisted boundary conditions of the elliptic genus, corre-
sponding to the yJ0 insertion, ensure that the path integral is still convergent in this
limit [46].
An A-type superpotential for a single chiral superfield is simply Φ
k+2
(k+2) , correspond-
ing to the Dynkin diagram Ak+1. In this case, the above considerations lead to the
result
Zk(τ, z) =
θ1(τ,
k+1
k+2z)
θ1(τ,
1
k+2z)
, (2.14)
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for the elliptic genus, where
θ1(τ, z) = −iq1/8y1/2
∞∏
n=1
(1− qn)(1 − yqn)(1− y−1qn−1). (2.15)
To understand the above formula, first we shall derive the R-charges of the various
component fields of Φ and Φ. One finds the following SUSY transformations, written
in components and after eliminating the auxiliary field by its equation of motion:
δϕ =
√
2(−ǫ−ψ+ + ǫ+ψ−) (2.16a)
δψ+ = i
√
2(∂0 + ∂1)ϕǫ− +
√
2ǫ+
∂W
∂ϕ
(2.16b)
δψ− = −i
√
2(∂0 − ∂1)ϕǫ+ +
√
2ǫ−
∂W
∂ϕ
. (2.16c)
The Lagrangian should be invariant under the left-moving U(1) transformation
by whose charge J0 one grades the elliptic genus. The supersymmetry generators
ǫ+ = −ǫ− have charge 0 while ǫ− = ǫ+ have charge 1 under this U(1). This in turn
fixes the charges of all the component fields; we list them in Table 1. Note that ϕ and
Field J0 eigenvalue
ϕ w
ψ+ w
ψ− −1 + w
Table 1: R-charge assignments. We write w = 1/(k + 2).
ψ+ have positive charges whereas ψ− has negative charge. Subsequently, by treating
ϕ, ψ+ and ψ− as free fields we readily arrive at the answer (2.14) [46].
The expectation that the elliptic genera computed using the minimal model and
the LG model coincide can be turned around to give conjectural expressions for the
characters of the N = 2 minimal models in terms of the free-field formula arising
from the LG model. This equality was subsequently checked for general ADE-type
superpotentials in [63].
Moreover, by studying the cohomology of Q+, Witten finds a chiral (purely left-
moving) N = 2 superconformal algebra expressible in terms of the LG fields, in spite
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of the LG theory not being conformal itself. Since this algebra acts in cohomology, it
also admits a free field representation:
J− =
k + 1
k + 2
ψ−ψ− −
i
k + 2
ϕ~∂ϕ¯ (2.17a)
T− = 2~∂ϕ · ~∂ϕ¯+ i
(
ψ−~∂ψ¯− − ~∂ψ− · ψ−
)
+
1
k + 2
~∂
(
iψ−ψ− − ϕ~∂ϕ
)
G− = −i
√
2ψ−~∂ϕ
(2.17b)
G− = i
√
2
(k + 1
k + 2
)
~∂ϕ · ψ− −
i
√
2
k + 2
ϕ~∂ψ¯− (2.17c)
where ~∂ = ∂0 − ∂1. This algebra has the same central charge, c = 3kk+2 , as the corre-
sponding N = 2 minimal model.
2.2 LG Orbifolds, Gepner Models, and Sigma Models
Though the central charge of a single minimal model is too small by itself to furnish
a good candidate to describe a CY sigma model, one can consider tensor products
of minimal models. Indeed, Gepner [64] showed that this strategy, facilitated by an
orbifold to project onto states with integral U(1) charges, produces consistent and in
principle exactly soluble string vacua. Through the LG/MM correspondence reviewed
in the previous subsection, we thereby obtain a correspondence between LG orbifolds
and Calabi-Yau sigma models. This correspondence has been studied extensively, for
example in [65], and put into a beautiful framework in terms of gauged linear sigma
models (GLSMs) by Witten in [66].
In light of this correspondence and what we discussed before, we expect that the
elliptic genus of a CY sigma model with a corresponding LG orbifold description to
be computable via free fields. Indeed, the elliptic genera of LG orbifolds have been
computed by Kawai, Yamada, and Yang in [59], who subsequently verified the matching
with computations from the Gepner models. We will now summarize their results.
Consider a Zh orbifold of a LG theory with N chiral superfields of weights ωi =
1/(ki+2), where the weights are defined by the transformation of the quasi-homogeneous
superpotential:
λwW (Φ1, . . . ,ΦN ) =W (λ
ω1Φ1, . . . , λ
ωNΦN ). (2.18)
The central charge of the theory is cˆ ≡ c/3 = ∑Ni=1 kiki+2 . In the multifield case, we
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can again define a supercharge Q+ and an N = 2 superconformal algebra which acts
on its cohomology. They are given by
Q+ =
∑
i
Q+,i , J− =
∑
i
J−,i , T− =
∑
i
T−,i, (2.19)
and similarly for G− and G−, where the individual i-th components are given as in
(2.13) and (2.17).
The elliptic genus of the orbifolded theory is then
Z(τ, z) =
1
h
∑
a,b∈Z/h
(−1)cˆ(a+b+ab)e2pii(cˆ/2)(a2τ+2az)
N∏
i=1
Zki(τ, z + aτ + b) (2.20)
with Zki as in (2.14). For a tensor product of Ak+1-type minimal models, we simply
orbifold by Zh, where h = k + 2. More generally, h = lcm(ki + 2), where ki + 2 again
coincides with the Coxeter number of the corresponding i-th Dynkin diagram.
In a more mathematical language, the above orbifold free-field expression for the
elliptic genus can be understood through the following. Recall that in almost all cases,
the Landau–Ginzburg model can be thought of as describing a CY sigma model with
Ka¨hler parameter taken to minus infinity [66]. The corresponding CY hypersurface
is parametrized by the chiral multiplets of the LG theory, when viewing the LG su-
perpotential as defining a hypersurface in (weighted) projective space 2. In this sense,
the LG and CY descriptions can be thought of as two phases of the same theory, and
give rise to IR conformal field theories which are in the same moduli space. In [67] a
spectral sequence converging to the cohomology of the chiral de Rham complex over a
Calabi-Yau hypersurface was constructed, and its first term is given by a bcβγ orbifold
discussed in [68] closely related to the free field limit of the LG orbifolds. As the graded
supertrace of this bcβγ orbifold is precisely given by (2.20), while that of the graded
trace of the cohomology of the chiral de Rham complex on a Calabi-Yau manifold
yields nothing but its elliptic genus, the work of [67] constitutes a mathematical proof
of (2.20), where the LHS is defined to be the corresponding Calabi-Yau elliptic genus.
In this paper we are interested in LG orbifolds which flow in the IR to K3 sigma
models, and these are theories with ki’s such that c = 6. Recall that N = (2, 2)
2The cubic models that we will discuss in §3.1 are an important exception. See Appendix A for the
geometric interpretation of these cases.
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superconformal theories with c = 6 (and integral U(1) charges) always have enhanced
(4, 4) superconformal symmetry [69], and the only two options for such theories are
T 4 sigma models and K3 sigma models.3 (See, for instance, [70–72] and references
therein for foundational work on string theory on K3 and [73] for analysis and proof
regarding these properties of the moduli space of N = (4, 4) theories at c = 6). The
former class of theories has vanishing elliptic genus, so in practice one simply needs to
check that our elliptic genus does not vanish, or in particular, that the Euler character
Z(τ → i∞, z = 0) = 24, to verify that the theory indeed lies in the moduli space
of K3 sigma models. To avoid notational confusion, in what follows we will use the
special moniker EG(τ, z) resp. EGg(τ, z) for the main objects we are interested in
in this paper – elliptic genera of LG orbifolds describing K3 sigma models and the
corresponding twining genera.
2.3 The Symmetries of Landau-Ginzburg Orbifolds
We are interested in studying the symmetries of these K3 Landau-Ginzburg orbifold
theories and in computing the corresponding “twining genera”. These are defined as
elliptic genera with an extra insertion of a symmetry generator g:
Zg(τ, z) = TrHRR
(
g (−1)F qL0−c/24qL¯0−c/24yJ0). (2.21)
Clearly, for this trace to be well-defined, g must commute with L0, L¯0 and J0. For the
definitions of L0, J0 in the LG theory acting on the Q+ cohomology, see (2.17).
In this section, we will always consider symmetry generators g that a.) are symme-
tries of some LG superpotential and b.) preserve the N = 2 superconformal algebra
of (the Q+ cohomology of) the UV theory (2.17) and its right-moving counterpart, c.)
preserve all four charged chiral ring elements (in the Ramond-Ramond sector). Note
that these criteria lead to a corresponding symmetry gIR in the IR that preserves a
copy of N = (2, 2) superconformal algebra, as well as the NS–NS ground state and its
images under the N = 4 spectral flow. Explicitly, these are the states responsible for
the 2y and the 2y−1 terms in the elliptic genus. This guarantees that gIR preserves the
3Strictly speaking, this is not actually proven. We thank the referee for pointing this out. Probably one
also needs to assume that the chiral algebra is not extended beyond (small) N = 4. Counterexamples to
this could be interesting; for example in 2d CFTs theories with large N = 4 superconformal symmetry, the
elliptic genus vanishes.
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full N = (4, 4) superconformal algebra. Subsequently, the non-renormalization of the
index of Q+ cohomology guarantees that the twining genera of gIR can be computed
in the UV in the way we shall describe shortly. As expected from general CFT argu-
ments, they will be weak Jacobi forms of weight 0 and index 1 for the Hecke congruence
subgroup
Γ0(ord(g)) ≡



a b
c d

 ∈ SL(2,Z)|c ≡ 0 mod ord(g)


of SL(2,Z), possibly with a non-trivial multiplier giving an extra phase in the trans-
formation (2.9). Later in §4.1 we will also discuss more general symmetries that do not
satisfy all the above conditions which however lead to twining genera with the correct
modular properties and interesting N = 4 decompositions.
Since our LG orbifold genera are computed in free field theory, it is straightforward
to obtain a similar expression for the twining genera. To start with, we will focus
on twining genera coming from automorphisms of a UV superpotential, such as phase
rotations or permutations of the chiral superfields. In view of the above, computing
the elliptic genera twined by such symmetries involves a simple adaptation of the
calculation leading to the formula (2.14).
For simplicity of the derivation we will first focus on the case of a single chiral
superfield Φ multiplied by a single phase α. In terms of the component fields, all of
them get multiplied by a single phase α. This is always automatically a symmetry of
the full action since the Ka¨hler potential is a function of ΦΦ.4
Now we can follow the steps in [46] and compute the contribution of each superfield
to the elliptic genus, with the generator g of the symmetry inserted in the trace. First
consider ϕ and its complex conjugate ϕ. This field will contribute
1
1− αy 1k+2
1
1− α−1y− 1k+2
∞∏
n=1
1
(1 − αy 1k+2 qn)(1 − α−1y− 1k+2 qn)(1 − αy 1k+2 qn)(1 − α−1y− 1k+2 qn)
.
(2.22)
The right-moving fermion ψ+ and its complex conjugate ψ+ will contribute
(α
1
2 y
1
2(k+2) − α 12 y− 12(k+2) )
∞∏
n=1
(1− αy 1k+2 qn)(1 − α−1y− 1k+2 qn) (2.23)
4More general Ka¨hler potentials will transform by a Ka¨hler transformation of the form K(Φ,Φ) →
K(Φ,Φ) + f(Φ) + f(Φ), which still leaves invariant all observables of the theory.
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and the left-moving fermion ψ− and its complex conjugate will contribute
(α
1
2 y−
k+1
2(k+2) − α− 12 y k+12(k+2) )
∞∏
n=1
(1− αy− k+1k+2 qn)(1 − α−1y k+1k+2 qn) (2.24)
Putting this together, one sees that under the symmetry Φ → αΦ, this superfield will
contribute
αy−
k
2(k+2) (1 − αy k+1k+2 )
1− αy 1k+2
∞∏
n=1
(1− αy− k+1k+2 qn)(1 − α−1y k+1k+2 qn)
(1− αy 1k+2 qn)(1− α−1y− 1k+2 qn)
. (2.25)
In terms of the standard Jacobi theta-function, this can be rewritten as
Zk,λ(τ, z) =
θ1(τ,
k+1
k+2z − λ)
θ1(τ,
z
k+2 + λ)
(2.26)
where we have written α = e2piiλ.
Now it is straightforward to compute the elliptic genus of a LG orbifold with a
superpotential of N superfields, Φi, i = 1 . . .N , and twined under a symmetry of the
superpotential which rotates each of the fields by some phase, g : Φi 7→ e2piiλiΦi. This
will just be
Zg(τ, z) =
1
h
∑
a,b∈Z/h
(−1)cˆ(a+b+ab)e2pii(cˆ/2)(a2τ+2az)
N∏
i=1
Zki,λi(τ, z + aτ + b) (2.27)
with Zki,λi as in (2.26) and h is as in (2.20).
In §3 and §4 we will be mostly interested in theories with N superfields with the
same weights, which have symmetries of the form W (Φ) = W (α · Φ), where α is an
N ×N matrix in SL(N,C). By going to a diagonal basis we can always describe these
symmetries in terms of phase rotations. In this basis α = diag(e2piiλ1 , . . . , e2piiλN ) and
one can directly apply (2.27).
3 Some K3 Models and Their Symmetries
In this section we will apply the general results of the previous section to specific LG
orbifolds which flow to CFTs in the moduli space of K3 sigma models. We mainly
focus on two types of examples: in §3.1 we discuss theories with six chiral superfields
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and cubic superpotentials; in §3.2 we discuss theories with four chiral superfields and
quartic superpotentials. The geometric interpretation of the cubic models and the
relation to the Hilbert scheme of two points on a K3 surface will be discussed in
Appendix A. The explicit descriptions of the symmetry groups of the models discussed
in this section as well as the corresponding twining genera are collected in Appendix
B.
3.1 The Cubic Theories
In this subsection we consider LG orbifold theories with six chiral superfields and a
cubic superpotential. From the requirement cˆ =
∑
i
ki
ki+2
= 2, we see that these theories
have the property that they have the largest possible number of chiral superfields for
a K3 LG model. As a result, one might expect them to be good starting points to
investigate the symmetries of K3 models.
We will denote the chiral superfields by Φi, i = 1 . . . 6. Let’s first consider a Fermat-
type superpotential:
W (Φ) =
6∑
i=1
Φ3i . (3.1)
By the (orbifolded) LG/MM correspondence, this model flows to the so-called (1)6
Gepner model in the IR. This is a Z3 orbifold of the tensor product of 6 copies of
the k = 1 minimal model (and hence the notation (1)6), corresponding to the Dynkin
diagram A2. The symmetries of this model and its twining genera have already been
studied directly in the Gepner picture in [38]; we include this example here for the
sake of completeness and to facilitate the comparison between the LG and Gepner
approaches. In [38] it was shown that the group of symmetries preserving theN = (4, 4)
superconformal algebra of this model is 34 :A6.
5 This is one of the S-lattice subgroups
of Co0 and is not a subgroup of any of the 23 umbral groups [75, 76]. It has also been
conjectured that the corresponding sigma model describes a Z3 orbifold of T
4, with
the appropriate B-field turned on [8].
We can compute the twining of the elliptic genus under an even permutation of the
six superfields, namely an element of A6, by diagonalizing the permutation matrix and
5Throughout this paper, our notation for groups mostly follows that of [74]; in particular ‘n’ is shorthand
for the cyclic group of order n, ‘:’ denotes the semidirect product ⋊ and G = A · B denotes a group with
normal subgroup A such that G/A = B.
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subsequently using the formula (2.27). This leads to
EGcg(τ, z) =
1
3
∑
a,b∈Z/3
qa
2
y2a
6∏
i=1
θ1
(
τ, 23 (z + aτ + b)− λi
)
θ1
(
τ, 13 (z + aτ + b) + λi
) , (3.2)
where (e2piiλ1 , . . . , e2piiλ6) are the eigenvalues of the symmetry g acting on the six chiral
super fields. An identical formula will hold for general symmetries in 34 :A6 since we
can always diagonalize such a symmetry.
As we mentioned in §2.3, such a formula holds for the twining genera of any K3
cubic model, even when the superpotential differs from the Fermat one (3.1) and the
theory no longer flows to the (1)6 Gepner model nor describes the T 4/Z3 orbifold
model. In view of this, we give the formula an extra label c for “cubic.”
In what follows we discuss more general cubic models. We will focus on super-
potentials satisfying the so-called transversality condition. This means that the only
solution to the set of equations
dWc(Φ)
dΦ1
= · · · = dW
c(Φ)
dΦ6
= 0 (3.3)
is when all Φi = 0. The transversality condition guarantees smoothness of the CFT,
ensuring that there are no flat directions where a continuum of states could arise.
For a given superpotential, we consider symmetries satisfying certain conditions. A
necessary condition for (3.2) to yield a sensible decomposition into N = 4 characters
is that the permutation matrix has determinant one. Namely, we consider symmetries
with eigenvalues satisfying
∑6
i=1 λi = 0 mod Z. This condition can be understood from
the requirement that the element
detij
(
∂2Wc
∂Φi∂Φj
) ∣∣∣
∂W∼0
∼ Φ1Φ2Φ3Φ4Φ5Φ6 (3.4)
of the chiral ring with the highest R-charge should remain invariant under the symme-
try.
In the rest of this subsection we will make extensive use of the following recent result.
An exhaustive search of symmetry groups acting on transverse cubic equations with six
variables was performed in [77] in the context of classifying symplectic automorphisms
of manifolds deformation equivalent to the Hilbert scheme of two points on a K3
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surface, K3[2]. The somewhat curious fact that a cubic equation in P5 defines a 4-
(complex)dimensional variety while the corresponding LG model describes a K3 sigma
model is reflected in relations between cubic fourfolds, geometric symmetries of K3[2],
and symmetries ofK3 sigma models. This is a topic currently under active investigation
in the realm of algebraic geometry and we will summarize a part of this connection in
Appendix A.
In [77], 15 maximal symmetry groups have been identified, in the sense that any
hyper-Ka¨hler-preserving symmetry group of any manifold that is deformation equiv-
alent to K3[2] is a subgroup of one of these 15 groups. Among them, explicit cubic
equations baring the symmetry of six of the groups have been identified. They are
listed in Table 2 (cf. Table 11 of [77]), where in Wc4 we have defined the following
deformation:
λ.σ3(Φ) =
1
5
(−3ζ724 − 3ζ524 + 3ζ424 − 3ζ324 + 6ζ24 − 3)×(
Φ1Φ2Φ3+Φ1Φ2Φ4+(ζ
4
24−1)Φ1Φ2Φ5+Φ1Φ2Φ6+(ζ424−1)Φ1Φ3Φ4+Φ1Φ3Φ5+Φ1Φ3Φ6+
(ζ424 − 1)Φ1Φ4Φ5 − ζ424Φ1Φ4Φ6 − ζ524Φ1Φ5Φ6 + (ζ424 − 1)Φ2Φ3Φ4 + (ζ424 − 1)Φ2Φ3Φ5
−ζ424Φ2Φ3Φ6+Φ2Φ4Φ5+Φ2Φ4Φ6−ζ424Φ2Φ5Φ6+Φ3Φ4Φ5−ζ424Φ3Φ4Φ6+Φ3Φ5Φ6+Φ4Φ5Φ6
)
.
Here and everywhere else in this paper we write ζn = e
2pii/n. An explicit description
of the group action on each of the six superpotentials is given in Appendix B.
i Group Gi Root Systems X Superpotential Wci (Φ)
1 L2(11) 12A2 Φ
3
0 +Φ
2
1Φ5 +Φ
2
2Φ4 +Φ
2
3Φ2 +Φ
2
4Φ1 +Φ
2
5Φ3
2 (3×A5) : 2 6D4 Φ20Φ1 +Φ21Φ2 +Φ22Φ3 +Φ23Φ0 +Φ34 +Φ35
3 A7 24A1
∑
5
i=0Φ
3
i − (
∑
5
i=0Φi)
3
4 M10 24A1, 12A2
∑
5
i=0 Φ
3
i + λ.σ3(Φ0, . . . ,Φ5)
5 31+4 :2.22 − ∑5i=0 Φ3i + 3(i− 2epii/6 − 1)(Φ0Φ1Φ2 +Φ3Φ4Φ5)
6 34 :A6 −
∑
5
i=0 Φ
3
i
Table 2: The six maximally symmetric cubic superpotentials, their symmetry groups, and the
associated cases of umbral moonshine.
Now it is a straightforward task to apply (3.2) to compute the corresponding twining
genera. We collect the results for all conjugacy classes [g] of each group in Tables 10-15.
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For convenience we also summarize the data in Tables 3 and 4. We shall explain our
notation shortly.
We characterize the twinings by their order and the associated 24-dimensional
Frame shape. Recall that, for G a finite group and an n-dimensional representation
ρ : G → GL(n,C) of G such that the corresponding characters are rational numbers,
the Frame shape Πg of an element g of G can be viewed as a convenient tool to label
the eigenvalues of g. Suppose the eigenvalues of ρ(g) are given by α1, . . . , αn, then we
say that
Πg =
∏
k∈Z>0
ak∈Z 6=0
kak
is the Frame shape if ∏
k
(1− tk)ak = det(1− tρ(g)).
The eigenvalues are then given by det(1− tρ(g)) =∏ni=1(1− αit).
In general, the 24-dimensional Frame shape alone is not sufficient to determine
the twining function. This is because two elements of O(4, 20;Z) might have the
same eigenvalues but not belong to the same conjugacy class, and as a result there
is no reason for them to lead to the same twining genus. An explicit example of this
is the two conjugacy classes with the same order 12 Frame shape in the symmetry
group 31+4 : 2.22 of the LG model with superpotential Wc5 in Table 2, which lead
to two different twining genera (cf. Table 4 and Table 15). In the context of the
conjectural relation between umbral moonshine and K3 twining genera [35], a related
fact is that elements of different umbral groups with the same Frame shape can be
associated to different candidate twining genera, for instance there exist g ∈ G(24A1)
and g′ ∈ G(12A2) with Πg = Πg′=38 that have φ24A1g 6= φ12A2g′ . This behavior is to be
contrasted with twining functions corresponding to geometric symmetries, which are
identical across all the umbral groups as is required by the consistency with the Torelli
theorem.
Comparing with the predictions from umbral [35] and Conway moonshine [26], we
find the following results. First, all twining genera arising from the models with super-
potentials Wc1 , Wc2 , Wc3 , Wc4 coincide with predictions arising from certain instances
of umbral moonshine. Second, for any of these four models, there exists at least one
instance of umbral moonshine that captures all the twining genera with respect to all
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elements of the corresponding symmetry group. Concretely, for any i ∈ {1, 2, 3, 4} there
exists at least one Niemeier lattice N(X), labeled by its root system X , such that the
following two conditions are satisfied: 1. Gi ⊂ G(X), 2. EGXg for all g ∈ Gi coincide
with φXg′ with the corresponding g
′ given by the embedding of the group. In Table 2
we have listed the corresponding X for each of these four superpotentials. Third, for
Wc1 , Wc2 and Wc3 such an assignment of a case of umbral moonshine is in fact unique.
For instance, the order 11 twining function coming from G1 ∼= L2(11) arises only from
umbral moonshine with X = 12A2, and the only case that accommodates G3 ∼= A7
in the corresponding umbral group is when X = 24A1. Note also that for Wc2 , the
symmetry group (3×A5) :2 ⊂ 3.S6 is in fact a maximal subgroup.
We also remark that the unique assignment of an X to our modelsWc1,2,3 is consis-
tent with the so-called discriminant property of umbral moonshine, in the sense that
the number field generated by the characters of Gi is contained in that generated by
the characters of G(X) in a non-trivial way in all the three cases. In light of this, it is
tempting to associate the fourth theory to the case of X = 12A2, although both 12A2
and 24A1 accommodate the symmetries and the corresponding twining functions of the
Wc4 model. This is because the number field generated by the characters of G4 ∼=M10
is contained in that generated by the characters of G(12A2) ∼= 2.M12 but not in that
of G(24A1) ∼=M24.
Notably, not only the case with X = 24A1, also often referred to as Mathieu
moonshine, shows up in our analysis. Rather, the cases with X = 12A2 and X =
6D4 play an equally prominent role in describing the symmetries of the models we
analysed. This can be viewed as supporting evidence for the idea that all 23 cases
umbral moonshine are relevant for the symmetries of K3 string theory. Finally, in all
six cases studied in this subsection, the twinings can be obtained from the Conway
module of [26], lending non-trivial support to the conjectural relevance of this Conway
module for the N = (4, 4)-preserving symmetries of K3 sigma models. (See §4.1 for
twining genera that do not arise from Conway moonshine.)
An obvious question arising here is the following. When and under what con-
ditions can/should a LG orbifold with a given superpotential (and subsequently the
corresponding sigma model in the IR) be associated to a given instance of umbral
moonshine in the sense discussed above? We will postpone this discussion until §5.
In view of the above, for the first four cases we specify the twining functions by
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giving the corresponding φXg arising from umbral moonshine in Appendix B.3, where [g]
is denoted using the standard Atlas label for the conjugacy classes of the corresponding
umbral group G(X) (see also [12, 35]). In the cases of Wc1 , Wc2 , Wc3 we have a
unique such choice of X while in the case of Wc4 we choose to use X = 12A2 for our
labeling. Similarly, we split the summary of all twinings arising from these cubic models
amongst the two Tables 3 and 4 according to whether or not they are associated to an
umbral group. In Table 3, all but two functions can arise as geometric symmetries and
the corresponding twining genera are uniquely specified by the 24-dimensional Frame
shape. We use the standard M24 labels for the conjugacy classes in these cases. If the
twining genera are uniquely associated to a particular umbral group, we append the
label X of the root system of the corresponding Niemeier lattice. In Table 4, we use
hatted names to label the given function. The first few terms of the Fourier expansions
of these twining genera are also included in Appendix C for the convenience of the
reader. In the final column, we list which superpotentials of those in Table 2 yield this
twining function.
Before we close this subsection, we comment that the twining genera listed in Table
3 and 4 often arise in other models with superpotentials different from the maximally
symmetric ones given in Table 2. If one is trawling the moduli space of some set of
LG theories in search of high-order symmetries, one will in general not have the ben-
efit of a classification a` la [77]. Fortunately, other methods exist to find particularly
symmetric points in the LG moduli space. One such trick is to start with the Fermat
superpotential (3.1) and consider various nonlinear field redefinitions, plus an addi-
tional orbifoldization to ensure single-valuedness of the chiral superfields, as in [78].
Some examples of superpotentials with interesting symmetries obtained by this trick
include:
W (Φ) = Φ21Φ2 +Φ
2
2Φ3 + Φ
2
3Φ4 +Φ
2
4Φ5 +Φ
2
5Φ1 +Φ
3
6. (3.5)
One can check that this superpotential has the symmetry W (Φ) = W (α · Φ), which
diagonally rotates the chiral superfields by α = diag(ζ11, ζ
9
11, ζ
4
11, ζ
3
11, ζ
5
11, 1). Another
example is
W (Φ) = Φ21Φ2 +Φ
2
2Φ3 +Φ
2
3Φ4 +Φ
2
4Φ5 +Φ
2
5Φ6 +Φ
2
6Φ1 (3.6)
which admits an order 7 symmetry rotating the fields by α = diag(ζ7, ζ
5
7 , ζ
4
7 , ζ
6
7 , ζ
2
7 , ζ
3
7 )
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Order of g Πg EG
c
g X Wci
1 124 φX
1A 24A1 1, 2, 3, 4, 5, 6
2 1828 φX
2A 24A1 1, 2, 3, 4, 5, 6
3 1636 φX
3A 24A1 1, 2, 3, 4, 5, 6
4 142244 φX
4B 24A1 2, 3, 4, 5, 6
5 1454 φX
5A 24A1 1, 2, 3, 4, 6
6 12223262 φX
6A 24A1 1, 2, 3, 6
7 1373 φX
7A 24A1 3
8 122.4.82 φX
8A 24A1 4
11 12112 φX
11AB 12A2 1
15 1.3.5.15 φX
15AB 6D4 2
Table 3: Twining genera in the cubic LG models which can arise from umbral moonshine.
Order of g Πg EG
c
g Wci
3 39/13 φ
3̂C
5, 6
6 153.64/24 φ
6̂I
5, 6
9 1393/32 φ
9̂C
6
9 1393/32 φ
9̂C′
6
12 1.223.122/42 φ
1̂2L
5
12 1.223.122/42 φ
1̂2L′
5
Table 4: Twining genera in the cubic LG models which do not arise from umbral moonshine. See
Appendix C for the details of these functions.
and leading to the order 7 twining genus listed in Table 3.
3.2 The Quartic Theories
In this subsection we will explore the symmetries of other LG superpotentials. In
this case, the geometric interpretation is more straightforward: the LG superpotential
W q(Φ) gives the equation W q(X) = 0 defining a K3 hypersurface in P3.
In this subsection we will investigate four particularly symmetric K3 surfaces (or,
equivalently, LG superpotentials), given by quartic equations Wqi (Φ) = 0 in P3, where
Wq1 , . . . ,Wq4 are listed in Table 5.6 As we explained before, all the four-variable quartic
6Unlike the case of cubic superpotentials in six variables, the set of quartic superpotentials we discuss in
this section does not necessarily furnish an exhaustive list of the largest symmetry groups acting on four-
variable quartic superpotentials. Quartics in four-variables have a geometric interpretation as algebraic K3
surfaces and the particular superpotentials in Table 5 were identified by Mukai [36] in his classification of
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i Group Gi Root Systems X Superpotential Wqi (Φ)
1 L2(7)× 2 8A3 Φ31Φ2 +Φ32Φ3 +Φ33Φ1 +Φ44
2 M20 24A1 Φ
4
1 +Φ
4
2 +Φ
4
3 +Φ
4
4 + 12Φ1Φ2Φ3Φ4
3 T192 24A1, 8A3 Φ
4
1 +Φ
4
2 +Φ
4
3 +Φ
4
4 − 2i
√
3 (Φ1Φ2 +Φ3Φ4)
4 (2× 42) :S4 − Φ41 +Φ42 +Φ43 +Φ44
Table 5: The four quartic superpotentials, their symmetry groups, and the associated cases of
umbral moonshine.
models share the following expression for the elliptic genus, this time with a Z4 orbifold
action (cf. (2.27)):
EGq(τ, z) =
1
4
∑
a,b∈Z/4
qa
2
y2aZ42,0(τ, z + aτ + b). (3.7)
Similarly, the twining genus associated to a symmetry rotating the four superfields by
a phase g : Φi 7→ e2piiλiΦi is given by
EGqg(τ, z) =
1
4
∑
a,b∈Z/4
qa
2
y2a
4∏
i=1
θ1
(
τ, 34 (z + aτ + b)− λi
)
θ1
(
τ, 14 (z + aτ + b) + λi
) , (3.8)
The twining genera corresponding to each of the four LG orbifolds listed in Table 5
are listed in Appendix B and summarized in Table 6.
The quartic Wq1 = 0, an extension of Klein’s famous quartic surface, has symmetry
group L2(7) × 2 [79], a maximal 4-plane preserving subgroup of Co07. The Z2 is
generated by the action which maps Φ4 to −Φ4 and the rest of Φi’s invariant. Note
that though this action is not symplectic in the geometric language, it preserves the
N = (2, 2) superconformal algebra and the top chiral ring element
detij
(
∂2W
∂Φi∂Φj
) ∣∣∣
∂W∼0
∼ Φ21Φ22Φ23Φ24, (3.9)
geometric symmetries; in some of these cases we have identified non-geometric extensions of the geometric
symmetry groups (e.g. the Fermat quartic viewed as a Gepner model has (2 × 42) : S4 symmetry, while
symplectic automorphisms of a geometric K3 at the Fermat point has symmetry group 42 : S4).
7For a more precise characterization of the maximal 4-plane preserving subgroups of Co0, i.e. those
groups that act as N = (4, 4)-preserving symmetries in K3 sigma models, see [38]. See [77] for the subset of
those groups that act as symplectic automorphisms of manifolds of K3[2]-type in relation to the discussion
in Appendix A.
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as well as, by explicit computation, the rest of the charged RR ground states. Therefore,
this extra order 2 symmetry preserves the full N = (4, 4) algebra of equation (2.17).
Here we have chosen the boson and fermions in Φ4 to transform as
g : ϕ 7→ epiiϕ, ψ+ 7→ epiiψ+, ψ− 7→ e3piiψ− (3.10)
in order to preserve of the NS vacuum. Note that Wq1 actually possesses more symme-
tries, for instance an order 4 symmetry of Wq1 which acts as
Φ4 7→ ±iΦ4. (3.11)
However, the former clearly fails the requirement of preserving the top chiral ring
element (3.9).
Another particularly symmetric quartic is given by Wq2 = 0, which, when viewed
as geometric K3 surface, has symplectic automorphism group M20 ≃ 24.A5 [36]; this
group potentially gets extended in the LG orbifold phase, but we have not investi-
gated this possibility. Note that M24 ∼= G(24A1) is the only umbral group that can
accommodate M20.
The quartic Wq3 = 0 has symplectic automorphism group T192 [36], which is a
subgroup of both M24 and 2.AGL3(2). We have not explored if it admits a non-
geometric extension in the LG phase though this would be an interesting possibility.8
Finally we now turn to Wq4 , the Fermat quartic. This Landau–Ginzurg orbifold
flows in the IR to the Gepner model (2)4, whose symmetries have been studied in [38],
where theN = (4, 4)-preserving symmetries of the (2)4 model is found to be (2×42) :S4.
Comparing these results with the predictions from umbral and Conway moonshine,
we find conclusions very similar to the cubic case. First, all twining genera arising
from the models with superpotentials Wq1 , Wq2 , Wq3 coincide with predictions arising
from certain instances of umbral moonshine. Second, for any of these three models,
there exists at least one instance of umbral moonshine capturing all the twining genera.
In Table 5 we have listed the corresponding X for each of these four superpotentials.
Third, for Wq1 and Wq2 such an assignment of a case of umbral moonshine is in fact
8We do know from the work [80] that unlikeWq1 , neitherWq2 norWq3 admit any antisymplectic extensions
of the form G×2, where G = {T192,M20}, but we have not explored the case of more intricate non-symplectic
extensions.
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Order of g Πg EG
q
g X Wq
1 124 φX
1A 24A1 1, 2, 3, 4
2 1828 φX
2A 24A1 1, 2, 3, 4
2 212 φX
2B 24A1 4
3 1636 φX
3A 24A1 1, 2, 3, 4
4 142244 φX
4B 24A1 1, 2, 3, 4
6 12223262 φX
6A 24A1 1, 3, 4
7 1373 φX
7AB 24A1 1
8 122.4.82 φX
8A 24A1 4
5 1454 φX
5A 24A1 2
4 2644/14 φ
4̂F
− 4
14 1.2.7.14 φX
14AB 8A3 1
Table 6: Twining genera arising from the quartic LG models. We use the same notation as in
Tables 3 and 4.
unique. For instance, the order 14 symmetry of Wq1 leads to a twining genus only
appearing in the 8A3 case of umbral moonshine. Finally, in all four cases the twinings
can be obtained from the Conway module. In particular, again we see that the torus
orbifold model, equivalent to the LG orbifold model describing the Fermat quartic,
leads to twining genera that can only be captured by the Conway module.
4 More on Twining Genera
In §4.1 we discuss more general classes of symmetries than those discussed in §3. After
explaining why twining genera can be defined for these more general symmetries, we
study this type of symmetries explicitly in a few LG orbifold theories and note that they
produce novel twining functions arising from umbral moonshine, but not always from
Conway moonshine. In §4.2, inspired by the possibility of combining symmetries from
different UV models we discuss how all twinings of the Mathieu groupM11 arising from
X = 12A2 umbral moonshine admit a uniform description in terms of the natural 12-
dimensional representation, although there is no UV model with M11 as the symmetry
group.
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4.1 The Asymmetric Symmetries of LG Orbifolds
In §3 we studied symmetries of LG orbifolds which (in some basis) rotate all components
of a superfield by the same phase and manifestly preserve an obvious copy of the UV
N = 2 superconformal algebra which acts in cohomology (cf. (2.17) and (2.19)).
However, as we discussed above, in order to define a twining genus we only need to
require that the symmetry of the SCFT leave invariant (the zero modes of) the left-
and right-moving energy momentum tensor, as well as the left-moving U(1) current. In
the UV language, as the elliptic genus computes the graded index of the cohomology of
the supercharge Q+ (2.13), the twining genus is well-defined as long as the symmetry
generator preserves the supercharge Q+.
9
In this subsection we will consider what we call the “asymmetric symmetries”:
symmetries of the LG orbifold that preserve the supercharge Q+ and transform the
different components of the chiral superfields in different ways. Perhaps somewhat sur-
prisingly, we find that such symmetries very often lead to twining genera that coincide
with functions arising from umbral moonshine. It would be interesting to understand
the detailed description of such asymmetric symmetries from the point of view of the
IR CFT.
Consider a symmetry acting on the components of the i-th superfield in a LG
orbifold as
g : ϕi 7→ αiϕi, ψ+,i 7→ αi,+ψ+,i, ψ−,i 7→ αi,−ψ−,i.
In order for this symmetry to preserve Q+, from (2.13) we see that a necessary and
sufficient condition is
αi = αi,+ , αi,−∂iW (α · ϕ) = ∂iW (ϕ) (4.1)
Note that this is precisely the condition that the Lagrangian of the theory (2.7) is
invariant under g. Moreover, such a symmetry always preserves a right-moving N = 2
superconformal algebra which is given by (2.19) and (2.17) with ψ−,i replaced by ψ+,i.
However it does not preserve the left-moving N = 2 superconformal algebra that
acts on the Q+-cohomology. While T− and J− are always preserved, generically the
supercurrents G− and G¯− are not left invariant by the above g. Note that this however
9Note that all symmetries we consider manifestly commute with the Hamiltonian HL and the left-moving
U(1) R-current JL which provide the grading.
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does not hinder the definition of the twined elliptic genus. To derive the elliptic genus
twined by such a symmetry, we simply repeat the free field calculation (2.22)–(2.25).
The result is the following. The elliptic genus of a LG orbifold with a superpotential
of N superfields, Φi, i = 1 . . .N , twined under a symmetry of the Lagrangian which
rotates the fields as
g : ϕi 7→ e2piiλiϕi, ψ+,i 7→ e2piiλiψ+,i, ψ−,i 7→ e2piiλ′iψ−,i, (4.2)
is given by
Zg(τ, z) =
1
h
∑
a,b∈Z/h
(−1)cˆ(a+b+ab)e2pii(cˆ/2)(a2τ+2az)
N∏
i=1
Zki,λi,λ′i(τ, z + aτ + b) (4.3)
with
Zk,λ,λ′ =
θ1(τ,
k+1
k+2z − λ′)
θ1(τ,
z
k+2 + λ)
. (4.4)
In particular, note that the condition that the boson ϕi and the right-moving fermion
ψ+,i have to be rotated by the same phase guarantees the holomorphicity of the twining
genus, consistent with the interpretation of this condition as arising from the invariance
of the supercharge Q+.
More explicitly, the above equation applied to a cubic superpotential leads to
EGcg(τ, z) =
1
3
∑
a,b∈Z/3
qa
2
y2a
6∏
i=1
θ1
(
τ, 23 (z + aτ + b)− λ′i
)
θ1
(
τ, 13 (z + aτ + b) + λi
) . (4.5)
In Table 7 we list some umbral moonshine twining functions that can arise in the
above way through (4.5). Without going into the details of all of them, in what
follows we describe how some of these phases arise as asymmetric symmetries of certain
superpotentials. For instance, the phases in the first row of Table 7 can arise from
keeping invariant the superfields Φ1, . . . ,Φ4 while rotating the component fields as
ϕi 7→ −ϕi, ψ+,i 7→ −ψ+,i, ψ−,i 7→ ψ−,i (4.6)
for i = 5, 6. It is easy to check that such a transformation preserves the Lagrangian of
the LG model with superpotentialWc6 (cf. Table 2). Similarly, the phases in the second
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Order of g Πg EG
c
g X λ λ
′
2 212 φX
2B 24A1
1222 16
24/12 1222
4 2444 φX
4A 24A1
42/12 24/12
1242/22 1222
6 64 φX
6B 24A1 2
161/12 2231/11
10 22102 φX
10A 24A1 2
251/13 1151
6 2363 φX
6AD 12A2 1
12161/31 1561/2131
4 46 φX
4B 8A3 {0, 0, 0, 12 , 14 , 14} 1222
4 4282 φX
8A 8A3 2
281/1241 2141
14 112171141 φX
14AB 8A3 {0, 0, 12 , 314 , 514 , 1314} {0, 0, 0, 17 , 27 , 47}
Table 7: Twining genera arising as in (4.5). We use the same notation as in Tables 3 and 4.
Whenever possible we encode the set of phases λ and λ′ by the corresponding 6-dimensional Frame
shapes.
Order of g Πg EG
q
g X λ λ
′
4 46 φX
4C 24A1
124/2 14
2.4/12 24/14
Table 8: Twining genera arising as in (4.8). We use the same notation as in Tables 3 and 4.
Whenever possible we encode the set of phases λ and λ′ by the corresponding 6-dimensional Frame
shapes.
row of Table 7 can arise from transforming Φ5 and Φ6 as above, and simultaneously
permuting Φ1, . . .Φ4 in two pairs of two. As a final example, we observe that the order
14 phases in Table 7 also arise as an asymmetric symmetry of the Fermat cubic theory
by acting on the fields as
ϕ 7→ diag(1, 1,−1,−ζ37 ,−ζ57 ,−ζ67 )ϕ
ψ+ 7→ diag(1, 1,−1,−ζ37 ,−ζ57 ,−ζ67 )ψ+
ψ− 7→ diag(1, 1, 1, ζ7, ζ47 , ζ27 )ψ+ . (4.7)
Similarly, the general expression (4.3) applied to the case of a quartic superpotential
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Order of g Πg EGg X λ1 λ2 λ
′
1 λ
′
2
3 38 φX
3B 24A1 1
2 3/1 12 12
4 46 φX
4C 24A1 4/2 2 2
2/12 2
Table 9: Twining genera arising as in (4.3) for models with k1 = k2 = 1, k3 = k4 = 2, or degree
6 hypersurfaces in WP1,1,2,2. Here λ1, λ
′
1 denotes the group action on the two chiral superfields
of charge 1 and λ2, λ
′
2 denotes that on the two fields of charge 2 in the corresponding weighted
projective space.
leads to the expression
EGqg(τ, z) =
1
4
∑
a,b∈Z/4
qa
2
y2a
4∏
i=1
θ1
(
τ, 34 (z + aτ + b)− λi
)
θ1
(
τ, 14 (z + aτ + b) + λ
′
i
) , (4.8)
and in Table 8 we list some umbral moonshine twining functions that can arise in
the above way through (4.8). Extending our analysis to quasi-homogeneous cases
corresponding to K3s in weighted projective space, we obtain some umbral moonshine
twining functions that can arise for models corresponding to degree 6 hypersurfaces in
WP1,1,2,2. They are listed in Table 9. Note that the phases in Tables 7–9 are all such
that the resulting twining function has no pole as a function of z.
Without going further into the detailed analysis of these asymmetric symmetries,
we close this subsection with the following observations. First, the set of twining
genera we find in this subsection appear to have a different relation to the Conway
module (cf. [26]) than the twining functions we obtained in §3. Namely, not all of the
twining genera arising in Tables 7–9 find a counterpart among the proposed twined
elliptic genera arising from the Conway module, though all of them coincide with
certain twining genera arising from umbral moonshine [35]. Specifically, the functions
φX3B and φ
X
6B for X = 24A1, corresponding to M24 elements with cycle shape 3
8 and
64 respectively, do not arise from the Conway module in the way proposed in [26].
Similarly, φX4C for X = 24A1, corresponding to M24 elements with cycle shape 4
6, does
coincide with a Conway module twining function but the latter is attached to a group
element of order 8. Note that these are the only 4-plane preserving umbral moonshine
twining genera that cannot be obtained from the Conway module. Moreover, to the
best of our knowledge, the present context is the first time we have seen these twining
functions appearing as the twining genera of an actual symmetry of (the UV version
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of) a K3 sigma model.
Second, we note a clear difference between the modular property of the twining
genera arising from symmetries in §3 and from asymmetric symmetries. Recall that
all φXg arising from umbral moonshine have the transformation property:
φXg
(
aτ + b
cτ + d
,
z
cτ + d
)
e−2pii
cmz2
cτ+d = ψ(γ)φXg (τ, z) (4.9)
for all
γ =

a b
c d

 ∈ Γ0(ord(g)) (4.10)
and a certain group homomorphism ψ : Γ0(ord(g))→ C∗. We say that ψ is real if the
image of ψ lies in R, and say that ψ is trivial if the image of ψ is 1. While all the twining
functions arising from symmetries in §3 have real multiplier systems, the twining genera
arising from asymmetric twinings generally have complex multiplier systems. We will
comment on the significance of such twining genera in the final section.
4.2 Twinings of M11
In §3 and §4.1 we focus on symmetries arising from specific LG models. At the same
time, recall that among all LG models with different superpotentials but the same
number of chiral superfields with the same U(1) charge, the (twined) elliptic genus
always arises from the same free field expression given by (2.20) and (2.27). This raises
the following natural questions: is it possible to combine symmetries which are realized
in different LG models with different superpotentials? Can we describe the twinings
arising from a subgroup of a umbral group which is not a symmetry group of any explicit
LG model in a uniform way? In this subsection we answer the question positively, by
first noting that all twining functions φXg arising from umbral moonshine for the case
X = 12A2, where [g] ⊂ 2.M12 has a representative in a copy of M11 ⊂ 2.M12, appear
as the twining genus of some cubic LG model (cf. Table 3). In other words, all such
functions φXg admit an expression in terms of (3.2) with the choices of phases λ that are
described in §3.1 and Appendix B. Note that this is particularly interesting since no
explicit cubic model has a symmetry group containingM11. Hence this example might
provide general hints about how symmetries realised in different points in the moduli
space of K3 sigma models might be combined. See also [9] for an earlier discussion on
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combining (or surfing) symmetries of different Kummer surfaces.
Moreover, all the twined functions of M11 ⊂ 2.M12 can be described uniformly in
terms of a natural 12-dimensional representation of the Mathieu groupM11. Explicitly,
the relevant 12-dimensional representation is χ1 ⊕ χ5 in terms of irreducible represen-
tations of M11 (cf. Table 20). For convenience we also list in the character table the
corresponding 12-dimensional Frame shape.
Now, there is a unique way to split the 12 eigenvalues of a conjugacy class [g] ofM11
into a set of 6 and their complex conjugate such that the following two conditions are
satisfied10. Denote the 2 sets of phases, naturally defined mod Z, by Λg and Λ
∗
g. The
conditions are: 1) If an eigenvalue appears k times in the 12-dimensional representation,
then it must appear at least ⌊k2 ⌋ times in Λg as well as in Λ∗g, 2)
∑
λ∈Λg
λ ∈ 13Z. The
first condition says that Λg and Λ
∗
g embodies the most symmetric possible split of the
12 eigenvalues, and the second “torsion” condition should be related to the fact that
our theory is a Z3-orbifold theory. In terms of these phases, if we define the twining
function
φg(τ, z) =
1
3
∑
a,b∈Z/3
qa
2
y2a
2
e
2pii
∑
λ∈Λg
λ
+ e
−2pii
∑
λ∈Λg
λ
∏
λ∈Λg
θ1
(
τ, 23 (z + aτ + b)− λ
)
θ1
(
τ, 13 (z + aτ + b) + λ
) ,
(4.11)
then φg = φ
12A2
g′ where the conjugacy [g
′] is determined by the embedding of the group
M11 ⊂ 2.M12.
Note that what we choose to call Λg and their conjugate Λ
∗
g is completely immaterial
as long as the above-mentioned two conditions are satisfied.
As we will discuss in §5, a description very similar to the above also applies for the
subgroup L2(7) of G(8A3) ∼= 2.AGL3(2).
5 Conclusions and Discussion
First, we will start by discussing and summarizing the main results of this paper.
1. One of our main motivations was to gather more data about the symmetries of
K3 sigma models and their corresponding twinings by using a Landau-Ginzburg
orbifold description of UV theories that flow to K3 sigma models, exploiting the
10Clearly, not all subgroups of S12 give rise to eigenvalues that can all be split in this way.
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fact that symmetries and twining genera are invariant under RG flow. We find
this approach valuable since we have very little computational control at generic
points in the moduli space ofK3 sigma models; in fact, torus orbifolds furnish one
of the few types of solvable models, but it is known that at these points in moduli
space, the symmetries are far from generic [8]. Our investigation shows that this
is indeed a rewarding approach. For instance, in §3 we presented explicit LG
models with symmetries of order 11, 14 and 15 which preserve the full N = (4, 4)
superconformal symmetry in the IR. This is to the best of our knowledge the first
time where these symmetries, though predicted to be realized at some isolated
points in the moduli space according to lattice computations [38], have been found
in explicit models. Moreover, we have explicitly computed their twinings and
found them to coincide with the prediction of umbral moonshine with X = 12A2,
8A3, and 6D4, indicating the relevance of more than just the M24 case of umbral
moonshine for understanding symmetries of K3 CFTs.
2. A second motivation was the following. In [35] a relation between all 23 cases
of umbral moonshine (not just the X = 24A1 case corresponding to Mathieu
moonshine) and symmetries and twining genera of K3 sigma models, has been
proposed. Although some consistency checks have been presented in [35], one can
certainly hope for more evidence for the existence of such a relation. From the
data we collect in §3-4 it is apparent that many of the umbral moonshine functions
not arising from the X = 24A1 have been realized as twining genera of explicit
symmetries of concrete models of K3 CFT. This lends support to the relation
proposed in [35]. Similarly, the fact that all the twining functions described in
§3, arising from symmetries that transform all components of the superfields in
identical ways, can (also) be realized in the Conway module lends support to the
relation between the Conway module and the K3 sigma models proposed in [26].
Note that a vast majority, though not all, of the twining genera corresponding to
symmetries preserving at least a 4-plane that are predicted by umbral moonshine
can also be realized in the Conway module. This is a remarkable fact that we
hope to understand better in the future.
3. In §4.1 we extended our analysis to include more general symmetries that preserve
the Q+-cohomology (including its bi-grading), despite acting on different compo-
nents of the chiral superfields in different ways. This property makes it possible
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to define the corresponding twining genera. By including these more general
types of symmetries we recover many more twining genera predicted by umbral
moonshine, including all those which do not arise from the Conway module. In
particular, among the umbral moonshine twinings in Table 7–9, those correspond-
ing to the Frame shapes 38, 64, 46, 4282, 2363, 22102 have not been found before in
the context of K3 sigma models as far as we know.
Another interesting feature of the asymmetric symmetries is that only this type of
symmetry can lead to twining genera with complex multiplier systems11, includ-
ing all those mentioned above except for those corresponding to 2363 and 22102.
In fact, to the best of our knowledge, the present context is the first time we
have seen umbral twining functions with complex multiplier systems appearing
as the twining genera of an actual symmetry of (the UV version of) a K3 sigma
model. We know from general CFT arguments that the symmetries leading to
twining functions with complex multiplier systems have to act on the theory in
a rather intricate way. For instance, such a symmetry cannot be used to orb-
ifold the theory since the resulting would-be twisted sectors would not satisfy
the level-matching condition. It is hence perhaps not surprising that we see such
functions arising from the rather subtle asymmetric symmetries.
The above observations suggest that a deeper understanding of these asymmetric
symmetries may be crucial in unravelling the relation between K3 string theory
and umbral moonshine.
4. The fact that all the different LG orbifold models with the same number of chiral
superfields with the same U(1) charges have the same free field expression for
their elliptic genus, irrespective of their superpotentials, suggests the possibility
of combining symmetries realised at different points in the moduli space. In (4.11)
we find that twining genera corresponding to all elements of M11 ⊂ 2.M12, as
dictated by the umbral moonshine with X = 12A2, can indeed be expressed in a
uniform way in terms of a natural 12-dimensional representation of M11.
In fact, we can similarly consider L2(7) ⊂ 2.AGL3(2) for the case X = 8A3. Note
that L2(7) is the subgroup fixing one point in the 8-dimensional permutation
representation of AGL3(2), and in this sense it is the exact counterpart of M11.
The twining genera corresponding to all elements of L2(7), as dictated by umbral
11We thank Roberto Volpato for a discussion on closely related matters.
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moonshine with X = 8A3 and coinciding with what we obtained from the quartic
models in §3.2, admit a uniform expression in terms of a natural 8-dimensional
representation of L2(7).
Clearly, it would be desirable to obtain a more directly physical interpretation of
(4.11). Moreover, it would be very attractive if one could extend such a uniform
description to the full umbral group (2.M12 resp. 2.AGL3(2) in the above cases),
and to understand the geometric and/or physical meaning of such a uniform
expression.
Finally we close the main part of this paper with some comments on open questions
and possible future directions.
1. We note that the asymmetric symmetries discussed in this paper – symmetries
which act differently on the bosonic and fermionic components of the chiral mul-
tiplets – are reminiscent of the types of symmetries studied in [14]. In that paper,
the authors studied symmetries which arise in UV theories which flow in the IR
to N = (0, 4) superconformal theories with K3 target. These lie in the moduli
space of worldsheet theories of E8×E8 heterotic string compactifications on K3.
This moduli space is much more complicated than that of (4, 4) K3 sigma mod-
els; in fact, its global form is not known. This is because these theories involve
a choice of embedding of 24 instantons into the E8 × E8 gauge group, arising
from the requirement that the spacetime Bianchi identity for the three-form field
strength H of the heterotic string be satisfied. This involves a choice of stable,
holomorphic vector bundles in the two E8s, and the left-moving fermions couple
to the gauge connections on these bundles.
One can construct such theories using (0, 2) UV gauged linear sigma models, along
the lines of [81], where the basic components are (0, 2) chiral and Fermi multiplets.
When decomposing a (2, 2) chiral multiplet into (0, 2) multiplets, one finds that it
decomposes as a (0, 2) chiral multiplet which contains the boson and right-moving
fermion of the (2, 2) chiral multiplet, and a (0, 2) Fermi multiplet, which contains
the left-moving fermion of the (2, 2) chiral multiplet. From this point of view,
the form of our asymmetric symmetries is highly suggestive of symmetries acting
differently on the chiral and Fermi multiplets, which may naturally arise when
deforming the bundle away from the standard embedding. It would be interesting
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to explore this connection further.
2. A question that naturally arises from [35] and the present work is the following.
If the 23 cases of umbral moonshine, as well as the Conway module as proposed
in [26], are all indeed relevant for the description of K3 sigma model symmetries
and the corresponding twinings, how do we know when each case of umbral
moonshine is relevant for describing a K3 CFT at a given point in moduli space?
The classification theorem [38] (see also [39]) of symmetries preserving the N =
(4, 4) superconformal algebra of non-singular K3 sigma models can be extended
to include singular CFTs in the moduli space of K3 sigma models [41]. Using this
one can prove that the symmetries of such a theory can always be embedded in
one of the 23 umbral groups or in the Conway group. This is in turn a consequence
of the result that the 20-dimensional lattice orthogonal in H∗(K3,Z) ∼= Γ4,20 to
the four-dimensional subspace of signature (4, 0) determined by the CFT data
can always be primitively embedded in one of the 23 Niemeier lattices or in the
Leech lattice [41]. Moreover it is plausible that for any one of the 23 Niemeier
lattices N(X), there exists at least a point in the CFT moduli space, necessarily
corresponding to a singular CFT T , whose corresponding 20-dimensional lattice
can only be primitively embedded in N [41]. In this case it is natural to suspect
that all the twining genera arising from symmetries of T can be captured by the
umbral moonshine function corresponding to the Niemeier latticeN(X). Through
the compatibility of the lattice embeddings (and in particular the compatibility of
the embedding of the root systems), the above conjecture connects the singularity
type of the CFT to the Niemeier root systems determining the relevant cases of
umbral moonshine for the particular CFT [41].
For instance, we have seen that the umbral moonshine cases corresponding to the
root systems 12A2 and 6D4 appear to be relevant for some of the cubic models
we studied in §3.1, while the 8A3 case appears to be relevant for some of the
quartic models we studied in §3.2. Indeed, it is interesting to note a connection
to the Landau-Ginzburg description of ADE-type minimal models A2, D4 in the
case of cubic superpotentials, and A3 in the case of quartic superpotentials [46].
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The LG description of these models has the UV superpotentials given by
WA2 = X3
WA3 = X4
WD4 = X3 +XY 2.
Clearly, there appears to be a close connection between this singularity type from
the point of view of the LG– MM correspondence, and the singularity type arising
from the root systems of the Niemeier lattices. It would be interesting to make
this connection more precise.
3. While our results provide evidence for the relation between K3 sigma models and
umbral moonshine proposed in [35], we know that umbral moonshine cannot be
fully explained by only considering symmetries of K3 sigma models preserving
N = (4, 4) superconformal symmetries. Clearly, such symmetries necessarily cor-
respond to subgroups of umbral groups which preserve at least a four-dimensional
subspace in the natural 24-dimensional representation of the umbral group. Ob-
viously, exploring the physical contexts in which the full umbral groups can arise
without the 4-plane preserving constraint, will be an important necessary step
for the physical understanding of umbral moonshine.
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A Connections to K3[2]
In this appendix, we will review some interesting results in algebraic geometry that
explain the connection between symmetries of our cubic LG models and symplectic
automorphisms of manifolds of type K3[2]. If we attempt to interpret our cubic super-
potentials geometrically via the usual CY/LG correspondence dictionary we encounter
a puzzle: viewing the chiral superfields as coordinates in projective space, such a su-
perpotential describes a hypersurface in P5, but the codimension is appropriate to
describe a cubic fourfold in P5, not a K3 manifold. The upshot of our discussion will
be the following: a large class of manifolds that are deformation equivalent to K3[2]
can be described as the so-called Fano scheme of lines of a cubic fourfold. Symme-
tries of the Fano scheme are inherited from symmetries of the cubic equation describ-
ing the fourfold; in particular, symplectic automorphisms of the K3[2] correspond to
supersymmetry-preserving symmetries of the CFTs that describe the IR fixed points
of the cubic LG orbifold models. It is this connection that allows us to take advantage
of the classification results in [77].
First, we define the Fano scheme of lines of a cubic fourfold. Let X ⊂ P5 be the
cubic fourfold in P5. Then the Fano scheme (or variety) of lines is given by the following
subvariety of the Grassmannian Gr(P1,P5):
F (X) ≡ {[L] ∈ Gr(P1,P5)|L ∈ X} (A.1)
The automorphisms of the Fano scheme of lines of a fourfold descend from automor-
phisms of the fourfold itself, which can be viewed as a subgroup of PGL(6,C) since
the cubic is in 6 variables. Since we wish to find symplectic automorphisms, we will
actually restrict to subgroups of SL(6,C). It is a theorem of Beauville and Donagi [82]
that the Fano scheme of lines is a simply connected 4(complex)-dimensional variety,
with H(2,0)(F (X)) = C.ω, with ω a nowhere vanishing holomorphic 2-form. Moreover,
there is an isomorphism of Hodge structures H4(X,Z)→ H2(F (X),Z). Fu [83] classi-
fied automorphisms of the Fano scheme that are of primary order (order of the form pn
where p is prime) and that preserve the Plu¨cker polarization (the natural polarization
of Gr(P1,P5)) and it follows that such automorphisms always come from automor-
phisms of the parent cubic. More specifically, to find symplectic automorphisms of
F (X) one must restrict to automorphisms of X satisfying a certain condition. For us,
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this condition is the obvious one:
∑6
j=1 λj ≡ 0 mod Z, i.e. the product of all the six
eigenvalues is one (cf. (3.4)). See [82, 83] for a rigorous, Hodge theoretic derivation of
this condition.
While the approach of [83] is useful for finding symmetries of certain prime orders,
we would also like to understand the full group structure corresponding to particularly
symmetric superpotentials. For this, we would like to use the classification of [77] (see
also [84]) and therefore we must relate Fano schemes of lines in cubic fourfolds to our
LG orbifolds.12
Happily, this relationship was explained in [49] for the case of the Fermat superpo-
tential, whose discussion we will briefly summarize, and which generalizes readily to
general cubic superpotentials in six variables. There are 20 complex structure defor-
mations of the Fermat superpotential of the form aijkΦiΦjΦk for i 6= j 6= k. (Recall
that an algebraic K3 surface only has 19 complex structure deformations.) This cubic
hypersurface has a complex structure moduli space of the form
SO(2, 20)
SO(2)⊗ SO(20) . (A.2)
One can show that this moduli space is the same as the subspace of the K3 moduli
space that is spanned by the chiral operators. Equivalently, in the language of [49],
it is a certain moduli space of “abstract” or “superconformal” Hodge structures on
K3, which incorporates the 20th complex structure deformation that is invisible in a
polynomial describing an ordinary algebraic K3 surface.
Moreover, if we have a so-called Pfaffian cubic, where the superpotential is given by
the zero locus of a Pfaffian and only has 19 complex structure deformations, its Fano
variety F (X) will be isomorphic to S[2] for some K3 surface S. See [49] for the details
of the isomorphism between F (X) and S[2]. Here is the summary of the maps when
X is a Pfaffian cubic:
H4(X) −→ H2(F (X)) = H2(S[2]) ∼=−→ H2(S)⊕ C.[E] (A.3)
On the right hand side, [E] is the class of the exceptional divisor coming from
the blow-up of the A1 orbifold singularity on the S
[2] moduli space; importantly, it
12For the relationship between cubic fourfolds and K3 sigma models in the more modern language of
derived categories, see [85].
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is orthogonal to the forms inherited from the “seed” K3 surface S, corresponding to
the space H2(S), with respect to the canonical inner product. The same chain of
isomorphisms turns out to hold in the case of more general cubic equations with 20
deformations. In particular, we can replace S in the above maps by a general K3
sigma model and we can replace S[2] with a manifold that is deformation equivalent to
a manifold of type K3[2].
To summarize: we expect that symplectic symmetries of the equation defining the
cubic fourfold [77] correspond to the symmetries of the UV LG superpotential given
by the same equation. These symmetries act on the complex structure moduli of the
UV theory, or equivalently on the Hodge structures of the K3[2] [49]. By the chain
of isomorphisms described above, we therefore expect these symmetries to persist in
the IR, where they act on the chiral operators of the K3 SCFT. Hence this explains
why, from the above CFT and geometrical arguments, we expect the symmetry groups
of [77] to coincide with certain groups in the classification of [38].
Finally, in view of this connection it is natural to wonder about the relation between
the twining genera of (a manifold that is deformation equivalent to a manifold of type)
K3[2] and that of a K3 sigma model with the corresponding symmetry. Consider a
symmetry g of a K3 sigma model T and the corresponding symmetry g′ in the sym-
metric orbifold theory T [2]. A straightforward generalization of the DMVV–Borcherds
formula [86] gives the elliptic genus of T [2] twined by g′ in terms of the twining gen-
era of T corresponding to the symmetry g via a lifting procedure (see [29]). In what
follows we will discuss the specific example of an order 11 symmetry. Recall that the
umbral moonshine prediction gives rise to two order 11 twining genera, corresponding
to the cases X = 24A1 and X = 12A2. They moreover coincide with the two order 11
twining genera arising from Conway module, corresponding to the two choices of sign
for the constant Dg (see Appendix C). Performing the explicit computation for our
model Wc1(¯Φ) yielded the the function corresponding to X = 12A2. Due to the above
argument relating symmetries of the cubic model and those of K3[2] one might rea-
sonably expect that the corresponding twining genus of the K3[2]-sigma model should
be given by the lift of the X = 12A2 function. On the other hand, the twined elliptic
genera of K3[2] computed in [77] was shown to coincide with the lift of φXg , X = 24A1,
[g] = 11AB. This is however simultaneously compatible with our expectation, it turns
out that the two order 11 distinct twining genera φXg , with X = 24A1 and X = 12A2
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lift to the same equivariant genus of K3[2].13 One may be able to understand this
observation by the fact that order 11 cyclic groups have multiple orbits in O(Γ4,20)
but only a single orbit in O(Γ5,21). It would be interesting to better understand the
relationship between symmetries (and twinings) of K3 sigma models and those of man-
ifolds of type K3[2] and K3[n] more generally. See [39] for the precise subset of K3
sigma model symmetries that also correspond to symplectic automorphisms of K3[n].
B Symmetries of LG Superpotentials
In this Appendix we describe in more detail the symmetry groups of various superpo-
tentials discussed in §3, as well as the twining data that are summarized in the main
text in Tables 3,4,6. We write down the generators of the groups in the appropriate
basis, when available, and delineate the conjugacy classes of these groups in Tables
10–15 for the cubic models, and Tables 16–19 for the quartic models.
B.1 Cubics
In §3.1 we studied the twining genera arising as symmetries of the six maximal sym-
metry groups acting on six cubic superpotentials in six variables (cf. Table 2). These
symmetries were thoroughly discussed in [77] (see also [84]) and here we mostly sum-
marize their descriptions for convenience while occasionally adding additional data for
ease in reproducing our results.
1. L2(11)
This group has order 22 · 3 · 5 · 11. The action of this group on the polynomial
Φ21Φ5 + Φ
2
2Φ4 + Φ
2
3Φ2 + Φ
2
4Φ1 + Φ
2
5Φ3 was proved in [87]. It is not so hard to
see that there is no symplectic extension obtained by adding the Φ30 term. A
generating set of this group in a 5-dimensional representation is given in [74]:
13We are grateful to Gerald Ho¨hn for correspondence on this point.
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α =


0 1 0 0 0
1 0 0 0 0
0 0 0 0 1
1 −1 C 1 −C
0 0 1 0 0


β =


0 0 0 1 0
0 0 1 0 0
0 −1 −1 0 0
−c 0 0 −1 −2c− C
1 0 0 −1 1


where we have defined c = ζ11 + ζ
3
11 + ζ
4
11 + ζ
5
11 + ζ
9
11 and C = −1 − c. Note
that the basis used in the above matrices does not correspond to the variables
{Φ0,Φ1, . . .Φ5} in which we write down the superpotential. However, since the
eigenvalues are all the data we need in order to compute the twining genera,
we are free to use whatever basis that is the most convenient. Of course, an
appropriate change of basis should give us the order 11 and order 5 symmetries
of the superpotential, given by, for instance, g11 = diag(1, ζ11, ζ
3
11, ζ
4
11, ζ
5
11, ζ
9
11)
and g5 : (0)(12345) in the basis corresponds to {Φ0,Φ1, . . .Φ5}. The twining
genera for this group are tabulated in Table 10.
2. (3 ×A5) :2
This group has order 23 · 32 · 5. The action of this group on the polynomial Wc2
was noted in [84]; here we will provide a slightly different (but closely related)
description of the group action. To this end, we will pass to a basis of the chiral
superfields for which the superpotential Wc2 takes the form
x30 + x
3
1 + x
3
2 + x
3
3 − (x0 + x1 + x2 + x3)3 + x34 + x35 (B.1)
To understand the change of basis, recall that the hypersurface y20y1 . . .+y
2
3y0 = 0
is in fact equivalent to Clebsch’s cubic surface [84], which is expressible as the
hypersurface x30 + x
3
1 + x
3
2 + x
3
3 − (x0 + x1 + x2 + x3)3 = 0.
The action of this group is now quite easy to see. Consider the 5-dimensional set
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(x0, x1, x2, x3,−(x0+x1+x2+x3)). The group S5 acts in its natural way on this
5-dimensional set and so we can identify the field transformations given by A5 as
permutations on this set. Put another way, we can always fix a change-of-basis
matrix A that takes the standard 5-dimensional representation via a similarity
transformation to a 1+4-dimensional representation, and we can pick out the 4-
dimensional block diagonal matrix to act on the (x0, . . . , x3) subset. Explicitly,
we have
A =


1 1 1 1 1
−1 1 0 0 0
−1 0 1 0 0
−1 0 0 1 0
−1 0 0 0 1


.
Using this matrix, the generators of A5 are given in the basis {x0, x1, x2, x3} by
g1 =


−1 0 0 0
−1 0 1 0
−1 1 0 0
−1 0 0 1

 , g2 =


1 −1 0 0
0 −1 0 1
0 −1 1 0
0 −1 0 0


to which we may append two rows/columns corresponding to the identity action
on x4, x5. Now we need to add two more generators acting on all six fields to
generate the complete group (3 × A5) : 2. These can be given, in the basis of
{x0, . . . , x5}, by
g3 =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 ζ3 0
0 0 0 0 0 ζ−13


, g4 =


0 0 0 1 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 1
0 0 0 0 1 0


.
The twining genera for this group are tabulated in Table 11.
3. A
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This group has order 23 ·32 ·5 ·7. The action of this group can be easily described
analogously to the A5 case above. In particular, the two standard generators of
A7 in the 6-dimensional representation are given by
g1 =


−1 1 0 0 0 0
−1 0 0 0 0 0
−1 0 1 0 0 0
−1 0 0 1 0 0
−1 0 0 0 1 0
−1 0 0 0 0 1


, g2 =


1 0 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 1 0 0 0 0


.
The twining genera for this group are tabulated in Table 12.
4. M10
The group has order 24 ·32 ·5. This case has been described quite explicitly in [77]
and we reproduce their description here for completeness. M10 is isomorphic
to a certain extension of A6, which we will denote by 3.A6〈β〉 following [77].
(More precisely, the projection of 3.A6〈β〉 in PSL(6,C), where β normalizes
3.A6, is isomorphic to M10.) There are two generators of 3.A6 which we call
γ1, γ2. Together with β, they can be represented as 6× 6 matrices in the basis of
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{Φ0, . . . ,Φ5} that leave Wc4 invariant. The generators are:
γ1 =


1 0 0 0 0 0
0 0 1 0 0 0
0 1 0 0 0 0
0 0 0 0 1 0
0 0 0 1 0 0
0 0 0 0 0 1


, γ2 =


0 1 0 0 0 0
0 0 ζ3 0 0 0
0 0 0 1 0 0
ζ23 0 0 0 0 0
0 0 0 0 0 1
0 0 0 0 1 0


(B.2)
β =
1√
6


1 ζ3 ζ
2
3 ζ3 1 ζ3
ζ23 1 1 ζ3 ζ3 ζ3
ζ3 1 ζ
2
3 ζ3 ζ
2
3 ζ
2
3
ζ23 ζ
2
3 ζ3 ζ3 1 ζ
2
3
1 ζ23 1 ζ3 ζ
2
3 1
ζ23 ζ
2
3 ζ
2
3 ζ
2
3 ζ
2
3 ζ3


. (B.3)
The twining genera for this group are tabulated in Table 13.
5. 31+4 :2.22
This group has order 23 ·35. In this case, we start with the following group action
H = (32.S3 × 32.S3).2, coming from obvious permutations and multiplication
by cube roots of unity. In addition, the superpotential is invariant under the
following transformation α:
α =
1√
3


ζ3 ζ
2
3 1 0 0 0
1 1 1 0 0 0
ζ23 ζ3 1 0 0 0
0 0 0 ζ23 ζ3 1
0 0 0 ζ23 ζ
2
3 ζ
2
3
0 0 0 ζ23 1 ζ3


.
Together, H ∩SL(6,Z) and α generate the group 31+4 : 2.22. The twining genera
for this group are tabulated in Table 14.
6. 34 :A6
This group has order 23 ·36 ·5. The group action in this case is rather straightfor-
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ward and has been already discussed in detail in [38] in the Gepner picture. It is
a combination of phase rotations by cube roots of unity and even permutations
of the fields. Explicitly, the A6 symmetries are the manifest even permutation
symmetries of the chiral fields. To those, one can add the generators of the group
35. These are, for example, all 20 diagonal matrices that have three entries of
value 1 and three e2pii/3 entries. Finally, to account for the orbifold one quotients
35.A6 by the diagonal matrix that is e
2pii/3 times the 6 × 6 identity matrix and
obtain 34.A6.
From a sigma model perspective, we restrict to even permutations of the fields
since those preserve the full N = (4, 4) SCA. In [77], this is equivalent to the
condition that the group action on the Fano scheme of lines in the corresponding
cubic fourfold is symplectic; see Appendix A. The twining genera for this group
are tabulated in Table 15.
B.2 Quartics
1. L2(7)× 2
This group has order 24 · 3 · 7. The so-called Klein’s quartic (which lacks the lone
x43 term) has long been known to have an L2(7) symmetry. We reproduce the
generators given in [79], to which one should append an extra row and column
acting trivially on x3:
g1 =


ζ47 0 0
0 ζ27 0
0 0 ζ7

 , g2 =


0 1 0
0 0 1
1 0 0

 , g3 = −1√−7


ζ7 − ζ67 ζ27 − ζ57 ζ47 − ζ37
ζ27 − ζ57 ζ47 − ζ37 ζ7 − ζ67
ζ47 − ζ37 ζ7 − ζ67 ζ27 − ζ57

 .
In addition, we append the following matrix to give the Z2 extension:


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1

 .
The twining genera for this group are tabulated in Table 16.
2. M20
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This group has order 26 · 3 · 5. This group is simply that found by Mukai [36] as
the symplectic automorphisms of a certain K3 surface, with the obvious action
of M20 ≃ 24 : A5 induced from permutations and phase rotations. The twining
genera for this group are tabulated in Table 17.
3. T192
This group has order 26 · 3. It is also among those found by Mukai [36] as the
symplectic automorphisms of a certainK3 surface. It is isomorphic to (Q8×Q8) :
S3, where Q8 is the quaternion group. The generators of the two copies of Q8 are
g1 =

 I 0
0 id

 , g2 =

 J 0
0 id

 , g3 =

 id 0
0 I

 , g4 =

 id 0
0 J

 ,
where id is the 2 × 2 identity matrix, I =

 0 1
−1 0

, and J =

 i 0
0 −i

.
The two additional generators required are [88]:
g5 =


0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

 , g6 =
(1 + i)
2


ζ3 ζ3 0 0
iζ3 −iζ3 0 0
0 0 −iζ23 −ζ23
0 0 −iζ23 ζ23

 .
The twining genera for this group are tabulated in Table 18.
4. (2 × 42) : S4
This group has order 28 · 3. This Fermat example was discussed in detail in the
Gepner picture in [38]. There is an obvious permutation symmetry of the fields
given by S4, while phase rotations act as 2 × 42.14 The twining genera for this
group are tabulated in Table 19.
14This comes about after dividing out by a factor of Z4 accounting for the orbifold action– the same
phenomenon, dividing out by a phase rotation symmetry after orbifolding, also occurs in the (1)6 Gepner
model.
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B.3 Tables
Table 10: Character table and twining functions of L2(11), with EG
c
g = φ
12A2
h .
[g] 1A 2A 3A 5A 5B 6A 11A 11B
[g2] 1A 1A 3A 5B 5A 3A 11B 11A
[g3] 1A 2A 1A 5B 5A 2A 11A 11B
[g5] 1A 2A 3A 1A 1A 6A 11A 11B
[g11] 1A 2A 3A 5A 5B 6A 1A 1A
χ1 1 1 1 1 1 1 1 1
χ2 5 1 -1 0 0 1
1
2
(−1 + i√11) 1
2
(−1− i√11)
χ3 5 1 -1 0 0 1
1
2
(−1− i√11) 1
2
(−1 + i√11)
χ4 10 -2 1 0 0 1 -1 -1
χ5 10 2 1 0 0 -1 -1 -1
χ6 11 -1 -1 1 1 -1 0 0
χ7 12 0 0
1
2
(−1 +√5) 1
2
(−1−√5) 0 1 1
χ8 12 0 0
1
2
(−1−√5) 1
2
(−1 +√5) 0 1 1
[h] 1A 2B 3A 5A 5A 6C 11AB 11AB
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Table 11: Character table and twining functions of (3 × A5) : 2, with EGcg = φ6D4h .
A = 1
2
(−1− i√15), A¯ = 1
2
(−1 + i√15)
[g] 1A 6A 6B 2A 4A 5A 15A 15B 3A 3B 2B 3C
χ1 1 1 1 1 1 1 1 1 1 1 1 1
χ2 1 1 -1 -1 -1 1 1 1 1 1 1 1
χ3 2 -1 0 0 0 2 -1 -1 2 -1 2 -1
χ4 4 0 1 -2 0 -1 -1 -1 1 1 0 4
χ5 4 0 -1 2 0 -1 -1 -1 1 1 0 4
χ6 5 1 -1 -1 1 0 0 0 -1 -1 1 5
χ7 5 1 1 1 -1 0 0 0 -1 -1 1 5
χ8 6 -2 0 0 0 1 1 1 0 0 -2 6
χ9 6 1 0 0 0 1 A A¯ 0 0 -2 -3
χ10 6 1 0 0 0 1 A¯ A 0 0 -2 -3
χ11 8 0 0 0 0 -2 1 1 2 -1 0 -4
χ12 10 -1 0 0 0 0 0 0 -2 1 2 -5
[h] 1A 6A/6B 6A/6B 2A/2B 4A 5A 15AB 15AB 3A/3B 3A/3B 2A/2B 3A/3B
Table 12: Character table and twining functions of A7, with EG
c
g = φ
24A1
h .
[g] 1A 2A 3A 3B 4A 5A 6A 7A 7B
[g2] 1A 1A 3A 3B 2A 5A 3A 7A 7B
[g3] 1A 2A 1A 1A 4A 5A 2A 7B 7A
[g5] 1A 2A 3A 3B 4A 1A 6A 7B 7A
[g7] 1A 2A 3A 3B 4A 5A 6A 1A 1A
χ1 1 1 1 1 1 1 1 1 1
χ2 6 2 3 0 0 1 -1 -1 -1
χ3 10 -2 1 1 0 0 1
1
2
(−1 + i√7) 1
2
(−1− i√7)
χ4 10 -2 1 1 0 0 1
1
2
(−1− i√7) 1
2
(−1 + i√7)
χ5 14 2 2 -1 0 -1 2 0 0
χ6 14 2 -1 2 0 -1 -1 0 0
χ7 15 -1 3 0 -1 0 -1 1 1
χ8 21 1 -3 0 -1 1 1 0 0
χ9 35 -1 -1 -1 1 0 -1 0 0
[h] 1A 2A 3A 3A 4B 5A 6A 7AB 7AB
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Table 13: Character table and twining functions of M10, with EG
c
g = φ
12A2
h .
[g] 1A 4A 4B 2A 3A 8A 8B 5A
[g2] 1A 2A 2A 1A 3A 4B 4B 5A
[g3] 1A 4A 4B 2A 1A 8A 8B 5A
[g5] 1A 4A 4B 2A 3A 8B 8A 1A
[g7] 1A 4A 4B 2A 3A 8B 8A 5A
χ1 1 1 1 1 1 1 1 1
χ2 1 -1 1 1 1 -1 -1 1
χ3 9 -1 1 1 0 1 1 -1
χ4 9 1 1 1 0 -1 -1 -1
χ5 10 0 -2 2 1 0 0 0
χ6 10 0 0 -2 1 −i
√
2 i
√
2 0
χ7 10 0 0 -2 1 i
√
2 −i√2 0
χ8 16 0 0 0 -2 0 0 1
[h] 1A 4C 4C 2B 3A 8CD 8CD 5A
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Table 14: Character table and twining functions of 31+4 : 2.22, with EGcg = φ
24A1
h with unhatted h. See Appendix C
for those with hatted h.
[g] 1A 3A 3B 3C 3D 3E 3F 3G 3H 3I 3J 3K 2A 6A 4A 4B 12A 12B 4C
[g2] 1A 3A 3B 3C 3D 3E 3F 3G 3H 3I 3J 3K 1A 3A 2A 2A 6A 6A 2A
[g3] 1A 1A 1A 1A 1A 1A 1A 1A 1A 1A 1A 1A 2A 2A 4A 4B 4B 4B 4C
[g5] 1A 3A 3B 3C 3D 3E 3F 3G 3H 3I 3J 3K 2A 6A 4A 4B 12B 12A 4C
[g7] 1A 3A 3B 3C 3D 3E 3F 3G 3H 3I 3J 3K 2A 6A 4A 4B 12B 12A 4C
[g11] 1A 3A 3B 3C 3D 3E 3F 3G 3H 3I 3J 3K 2A 6A 4A 4B 12A 12B 4C
χ1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
χ2 1 1 1 1 1 1 1 1 1 1 1 1 1 1 -1 -1 -1 -1 1
χ3 1 1 1 1 1 1 1 1 1 1 1 1 1 1 -1 1 1 1 -1
χ4 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 -1 -1 -1 -1
χ5 2 2 2 2 2 2 2 2 2 2 2 2 -2 -2 0 0 0 0 0
χ6 8 8 5 2 2 -1 -1 2 -1 -1 -4 -4 0 0 0 0 0 0 0
χ7 8 8 -4 2 2 -1 -1 2 -1 -1 -4 5 0 0 0 0 0 0 0
χ8 8 8 -4 2 2 -1 -1 2 -1 -1 5 -4 0 0 0 0 0 0 0
χ9 8 8 -1 -1 -1 8 -1 -1 -1 -1 -1 -1 0 0 0 0 0 0 0
χ10 8 8 2 5 -4 -1 -1 -4 -1 -1 2 2 0 0 0 0 0 0 0
χ11 8 8 2 -4 -4 -1 -1 5 -1 -1 2 2 0 0 0 0 0 0 0
χ12 8 8 2 -4 5 -1 -1 -4 -1 -1 2 2 0 0 0 0 0 0 0
χ13 8 8 -1 -1 -1 -1 8 -1 -1 -1 -1 -1 0 0 0 0 0 0 0
χ14 8 8 -1 -1 -1 -1 -1 -1 -1 8 -1 -1 0 0 0 0 0 0 0
χ15 8 8 -1 -1 -1 -1 -1 -1 8 -1 -1 -1 0 0 0 0 0 0 0
χ16 18 -9 0 0 0 0 0 0 0 0 0 0 2 -1 0 -2 1 1 0
χ17 18 -9 0 0 0 0 0 0 0 0 0 0 2 -1 0 2 -1 -1 0
χ18 18 -9 0 0 0 0 0 0 0 0 0 0 -2 1 0 0
√
3 −√3 0
χ19 18 -9 0 0 0 0 0 0 0 0 0 0 -2 1 0 0 −
√
3
√
3 0
[h] 1A 3̂C 3A 3A 3A 3A 3A 3A 3A 3A 3A 3A 2A 6̂I 4B 4B 1̂2L 1̂2L′ 4B
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Table 15: Character table and twining functions of 34 : A6, with EG
c
g = φ
24A1
h with unhatted h. See Appendix C for
those with hatted h.
A = 1
2
(−1− 3i√3), A = 1
2
(−1 + 3i√3); B = 1
2
(
1−√5), B = 1
2
(
1 +
√
5
)
[g] 1A 3A 3B 3C 2A 6A 6B 6C 4A 3D 9A 9B 3E 3F 3G 9C 9D 3H 3I 5A 5B
[g2] 1A 3A 3B 3C 1A 3A 3B 3C 2A 3D 9B 9A 3E 3F 3G 9D 9C 3H 3I 5B 5A
[g3] 1A 1A 1A 1A 2A 2A 2A 2A 4A 1A 3A 3A 1A 1A 1A 3A 3A 1A 1A 5B 5A
[g5] 1A 3A 3B 3C 2A 6A 6B 6C 4A 3D 9B 9A 3E 3F 3G 9D 9C 3H 3I 1A 1A
[g7] 1A 3A 3B 3C 2A 6A 6B 6C 4A 3D 9A 9B 3E 3F 3G 9C 9D 3H 3I 5B 5A
χ1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
χ2 5 5 5 5 1 1 1 1 -1 -1 -1 -1 -1 -1 2 2 2 2 2 0 0
χ3 5 5 5 5 1 1 1 1 -1 2 2 2 2 2 -1 -1 -1 -1 -1 0 0
χ4 8 8 8 8 0 0 0 0 0 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 B B
χ5 8 8 8 8 0 0 0 0 0 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 B B
χ6 9 9 9 9 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 -1 -1
χ7 10 10 10 10 -2 -2 -2 -2 0 1 1 1 1 1 1 1 1 1 1 0 0
χ8 20 -7 2 2 -4 -1 2 2 0 2 -1 -1 2 2 2 -1 -1 2 2 0 0
χ9 20 -7 2 2 4 1 -2 -2 0 2 -1 -1 2 2 2 -1 -1 2 2 0 0
χ10 30 3 3 -6 2 -1 -1 2 0 -3 0 0 6 -3 0 0 0 0 0 0 0
χ11 30 3 3 -6 2 -1 -1 2 0 -3 0 0 -3 6 0 0 0 0 0 0 0
χ12 30 3 3 -6 2 -1 -1 2 0 6 0 0 -3 -3 0 0 0 0 0 0 0
χ13 30 3 -6 3 2 -1 2 -1 0 0 0 0 0 0 6 0 0 -3 -3 0 0
χ14 30 3 -6 3 2 -1 2 -1 0 0 0 0 0 0 -3 0 0 -3 6 0 0
χ15 30 3 -6 3 2 -1 2 -1 0 0 0 0 0 0 -3 0 0 6 -3 0 0
χ16 40 -14 4 4 0 0 0 0 0 -2 1 1 -2 -2 1 A A 1 1 0 0
χ17 40 -14 4 4 0 0 0 0 0 -2 1 1 -2 -2 1 A A 1 1 0 0
χ18 40 -14 4 4 0 0 0 0 0 1 A A 1 1 -2 1 1 -2 -2 0 0
χ19 40 -14 4 4 0 0 0 0 0 1 A A 1 1 -2 1 1 -2 -2 0 0
χ20 90 9 -18 9 -2 1 -2 1 0 0 0 0 0 0 0 0 0 0 0 0 0
χ21 90 9 9 -18 -2 1 1 -2 0 0 0 0 0 0 0 0 0 0 0 0 0
[h] 1A 3̂C 3A 3A 2A 6̂I 6A 6A 4B 3A 9̂C 9̂C 3A 3A 3A 9̂C′ 9̂C′ 3A 3A 5A 5A
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Table 16: Character table and twining functions of L2(7)× 2, with EGqg = φ8A3h .
A = 1
2
(
1− i√7), A¯ = 1
2
(
1 + i
√
7
)
[g] 1A 3A 2A 6A 4A 4B 14A 7A 14B 7B 2B 2C
χ1 1 1 1 1 1 1 1 1 1 1 1 1
χ2 1 1 -1 -1 -1 1 -1 1 -1 1 -1 1
χ3 3 0 -3 0 -1 1 A −A A¯ −A¯ 1 -1
χ4 3 0 -3 0 -1 1 A¯ −A¯ A −A 1 -1
χ5 3 0 3 0 1 1 −A −A −A¯ −A¯ -1 -1
χ6 3 0 3 0 1 1 −A¯ −A¯ −A −A -1 -1
χ7 6 0 6 0 0 0 -1 -1 -1 -1 2 2
χ8 6 0 -6 0 0 0 1 -1 1 -1 -2 2
χ9 7 1 7 1 -1 -1 0 0 0 0 -1 -1
χ10 7 1 -7 -1 1 -1 0 0 0 0 1 -1
χ11 8 -1 8 -1 0 0 1 1 1 1 0 0
χ12 8 -1 -8 1 0 0 -1 1 -1 1 0 0
[h] 1A 3A 2A/2C 6A 4C 4C 14AB 7AB 14AB 7AB 2A/2C 2A/2C
Table 17: Character table and twining functions of M20, with EG
q
g = φ
24A1
h .
[g] 1A 2A 2B 4A 4B 4C 3A 5A 5B
[g2] 1A 1A 1A 2A 2A 2A 3A 5B 5A
[g3] 1A 2A 2B 4A 4B 4C 1A 5B 5A
[g5] 1A 2A 2B 4A 4B 4C 3A 1A 1A
χ1 1 1 1 1 1 1 1 1 1
χ2 3 3 -1 -1 -1 -1 0
1
2
(
1−√5) 1
2
(
1 +
√
5
)
χ3 3 3 -1 -1 -1 -1 0
1
2
(
1 +
√
5
)
1
2
(
1−√5)
χ4 4 4 0 0 0 0 1 -1 -1
χ5 5 5 1 1 1 1 -1 0 0
χ6 15 -1 3 -1 -1 -1 0 0 0
χ7 15 -1 -1 3 -1 -1 0 0 0
χ8 15 -1 -1 -1 3 -1 0 0 0
χ9 15 -1 -1 -1 -1 3 0 0 0
[h] 1A 2A 2A 4B 4B 4B 3A 5A 5A
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Table 18: Character table and twining functions of T192, with EG
q
g = φ
24A1
h .
[g] 1A 2A 3A 4A 2B 4B 4C 2C 6A 2D 2E 2F 4D
[g2] 1A 1A 3A 2B 1A 2D 2F 1A 3A 1A 1A 1A 2E
[g3] 1A 2A 1A 4A 2B 4B 4C 2C 2B 2D 2E 2F 4D
[g5] 1A 2A 3A 4A 2B 4B 4C 2C 6A 2D 2E 2F 4D
χ1 1 1 1 1 1 1 1 1 1 1 1 1 1
χ2 1 -1 1 1 1 -1 -1 -1 1 1 1 1 -1
χ3 2 0 -1 2 2 0 0 0 -1 2 2 2 0
χ4 3 -1 0 -1 3 -1 1 -1 0 3 -1 -1 1
χ5 3 -1 0 -1 3 1 1 -1 0 -1 3 -1 -1
χ6 3 1 0 -1 3 -1 -1 1 0 -1 3 -1 1
χ7 3 1 0 -1 3 1 -1 1 0 3 -1 -1 -1
χ8 3 -1 0 -1 3 1 -1 -1 0 -1 -1 3 1
χ9 3 1 0 -1 3 -1 1 1 0 -1 -1 3 -1
χ10 4 2 1 0 -4 0 0 -2 -1 0 0 0 0
χ11 4 -2 1 0 -4 0 0 2 -1 0 0 0 0
χ12 6 0 0 2 6 0 0 0 0 -2 -2 -2 0
χ13 8 0 -1 0 -8 0 0 0 1 0 0 0 0
[h] 1A 2A 3A 4B 2A 4B 4B 2A 6A 2A 2A 2A 4B
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Table 19: Character table and twining functions of (2× 42) : S4, with EGqg = φ24A1h for unhatted h. See Appendix C for those with hatted h.
[g] 1A 2A 2B 4A 4B 4C 2C 4D 2D 4E 2E 4F 3A 6A 2F 2G 4G 4H 8A 8B 4I 4J 4K 4L
[g2] 1A 1A 1A 2B 2B 2B 1A 2B 1A 2B 1A 2B 3A 3A 1A 1A 2B 2B 4B 4B 2C 2C 2E 2E
[g3] 1A 2A 2B 4A 4B 4C 2C 4D 2D 4E 2E 4F 1A 2A 2F 2G 4G 4H 8A 8B 4I 4J 4K 4L
[g5] 1A 2A 2B 4A 4B 4C 2C 4D 2D 4E 2E 4F 3A 6A 2F 2G 4G 4H 8A 8B 4I 4J 4K 4L
[g7] 1A 2A 2B 4A 4B 4C 2C 4D 2D 4E 2E 4F 3A 6A 2F 2G 4G 4H 8A 8B 4I 4J 4K 4L
χ1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
χ2 1 -1 1 -1 1 -1 1 -1 -1 1 1 -1 1 -1 -1 1 1 -1 1 -1 -1 1 1 -1
χ3 1 -1 1 -1 1 -1 1 -1 -1 1 1 -1 1 -1 1 -1 -1 1 -1 1 1 -1 -1 1
χ4 1 1 1 1 1 1 1 1 1 1 1 1 1 1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1
χ5 2 2 2 2 2 2 2 2 2 2 2 2 -1 -1 0 0 0 0 0 0 0 0 0 0
χ6 2 -2 2 -2 2 -2 2 -2 -2 2 2 -2 -1 1 0 0 0 0 0 0 0 0 0 0
χ7 3 -3 3 -3 3 -3 -1 1 1 -1 -1 1 0 0 -1 1 1 -1 1 -1 1 -1 -1 1
χ8 3 -3 3 -3 3 -3 -1 1 1 -1 -1 1 0 0 1 -1 -1 1 -1 1 -1 1 1 -1
χ9 3 -3 3 1 -1 1 3 -3 1 -1 -1 1 0 0 -1 1 1 -1 -1 1 -1 1 -1 1
χ10 3 -3 3 1 -1 1 3 -3 1 -1 -1 1 0 0 1 -1 -1 1 1 -1 1 -1 1 -1
χ11 3 3 3 -1 -1 -1 3 3 -1 -1 -1 -1 0 0 -1 -1 -1 -1 1 1 -1 -1 1 1
χ12 3 3 3 -1 -1 -1 3 3 -1 -1 -1 -1 0 0 1 1 1 1 -1 -1 1 1 -1 -1
χ13 3 3 3 3 3 3 -1 -1 -1 -1 -1 -1 0 0 -1 -1 -1 -1 -1 -1 1 1 1 1
χ14 3 3 3 3 3 3 -1 -1 -1 -1 -1 -1 0 0 1 1 1 1 1 1 -1 -1 -1 -1
χ15 3 -3 3 1 -1 1 -1 1 1 -1 3 -3 0 0 -1 1 1 -1 -1 1 1 -1 1 -1
χ16 3 -3 3 1 -1 1 -1 1 1 -1 3 -3 0 0 1 -1 -1 1 1 -1 -1 1 -1 1
χ17 3 3 3 -1 -1 -1 -1 -1 -1 -1 3 3 0 0 -1 -1 -1 -1 1 1 1 1 -1 -1
χ18 3 3 3 -1 -1 -1 -1 -1 -1 -1 3 3 0 0 1 1 1 1 -1 -1 -1 -1 1 1
χ19 6 6 6 -2 -2 -2 -2 -2 2 2 -2 -2 0 0 0 0 0 0 0 0 0 0 0 0
χ20 6 -6 6 2 -2 2 -2 2 -2 2 -2 2 0 0 0 0 0 0 0 0 0 0 0 0
χ21 12 0 -4 -4 0 4 0 0 0 0 0 0 0 0 -2 -2 2 2 0 0 0 0 0 0
χ22 12 0 -4 -4 0 4 0 0 0 0 0 0 0 0 2 2 -2 -2 0 0 0 0 0 0
χ23 12 0 -4 4 0 -4 0 0 0 0 0 0 0 0 -2 2 -2 2 0 0 0 0 0 0
χ24 12 0 -4 4 0 -4 0 0 0 0 0 0 0 0 2 -2 2 -2 0 0 0 0 0 0
[h] 1A 2B 2A 4̂F 4B 4B 2A 4B 2A 4B 2A 4B 3A 6A 2B 2A 4B 4B 8A 8A 4B 4B 4B 4B
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Table 20: Character table of M11, with φg = φ
12A2
h . β11 := (−1 +
√−11)/2
[g] 1A 2A 3A 4A 5A 6A 8A 8B 11A 11B
[g2] 1A 1A 3A 2A 5A 3A 4A 4A 11B 11A
[g3] 1A 2A 1A 4A 5A 2A 8A 8B 11A 11B
[g5] 1A 2A 3A 4A 1A 6A 8B 8A 11A 11B
χ1 1 1 1 1 1 1 1 1 1 1
χ2 10 2 1 2 0 -1 0 0 -1 -1
χ3 10 -2 1 0 0 1
√
2i -
√
2i -1 -1
χ4 10 -2 1 0 0 1 -
√
2i
√
2i -1 -1
χ5 11 3 2 -1 1 0 -1 -1 0 0
χ6 16 0 -2 0 1 0 0 0 β11 β11
χ7 16 0 -2 0 1 0 0 0 β11 β11
χ8 44 4 -1 0 -1 1 0 0 0 0
χ9 45 -3 0 1 0 0 -1 -1 1 1
χ10 55 -1 1 -1 0 -1 1 1 0 0
Πg 1
12 1424 1333 2242 1252 11213161 4181 4181 11111 11111
[h] 1A 2B 3A 4C 5A 6C 8CD 8CD 11AB 11AB
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C Twining Genera from the Conway Module
The module analyzed in [26] of the 4-plane preserving Conway subgroups leads to
proposed K3 twining genera given by
φg(τ, z) = −1
2
(
θ4(τ, z)
2
θ4(τ, 0)2
ηg(τ/2)
ηg(τ)
− θ3(τ, z)
2
θ3(τ, 0)2
η−g(τ/2)
η−g(τ)
)
+
1
2
(
θ1(τ, z)
2
η(τ)6
Dgηg(τ)− θ2(τ, z)
2
θ2(τ, 0)2
C−gη−g(τ)
)
(C.1)
where, for an element g ∈ Co0 with Frame shape πg =
∏
m>0(m)
km , we define the
eta-product
ηg(τ) =
∏
m>0
η(mτ)km . (C.2)
and Cg, Dg are certain g-dependent constants. See [26] for more details.
Note that when 〈g〉 leaves precisely a four-dimensional subspace invariant in the
24-dimensional representation of Conway, namely when there are precisely four of the
twenty-four eigenvalues coinciding with 1, one has a choice of sign of Dg which leads
to different twining genera. As a result, to each of these conjugacy classes one can
attach two functions [26]. In what follows and in the tables in the main text, we
use the notation φĝ , with g given by the standard Co0 conjugacy names, to denote
these functions. In the case where two different twining genera are attached to a given
conjugacy classes, we use the notation φĝ and φĝ′ .
For completeness, in what follows we also give the first few coefficients for the
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Conway twinings that appear in our models:
φ
3̂C
(τ, z) = (
2
y
− 7 + 2y) + q
(−7
y2
+
61
y
− 108 + 61y − 7y2
)
+O(q2)
φ
4̂F
(τ, z) = (
2
y
− 8 + 2y) + q
(−8
y2
+
64
y
− 112 + 64y − 8y2
)
+O(q2)
φ
6̂I
(τ, z) = (
2
y
+ 1 + 2y) + q
(
1
y2
+
3
y
− 8 + 3y + 1y2
)
+O(q2)
φ
9̂C
(τ, z) = (
2
y
− 1 + 2y) + q
(−1
y2
+
1
y
+ y − 1y2
)
+O(q2)
φ
9̂C′
(τ, z) = (
2
y
− 1 + 2y) + q
(−1
y2
+
10
y
− 18 + 10y − 1y2
)
+O(q2)
φ
1̂2L
(τ, z) = (
2
y
− 3 + 2y) + q
(
−3
y2
+
12− 3√3
y
− 18 + 6
√
3 + (12− 3
√
3)y − 3y2
)
+O(q2)
φ
1̂2L′
(τ, z) = (
2
y
− 3 + 2y) + q
(
−3
y2
+
12 + 3
√
3
y
− 18− 6
√
3 + (12 + 3
√
3)y − 3y2
)
+O(q2).
References
[1] T. Eguchi, H. Ooguri, and Y. Tachikawa, “Notes on the K3 Surface and the Mathieu group
M24”, Exper.Math. 20 (2011) 91–96, [arXiv:1004.0956 [hep-th]].
[2] M. R. Gaberdiel, S. Hohenegger and R. Volpato, “Mathieu Moonshine in the elliptic genus of
K3”, JHEP 1010, 062 (2010), [arXiv:1008.3778 [hep-th]].
[3] A. Taormina and K. Wendland, “The overarching finite symmetry group of Kummer surfaces
in the Mathieu group M24”, JHEP 1308, 125 (2013), [arXiv:1107.3834 [hep-th]].
[4] M. C. Cheng, J. F. Duncan, and J. A. Harvey, “Umbral Moonshine”, Commun. Num. Theor
Phys. 08 (2014) 101–242, [arXiv:1204.2779 [math.RT]].
[5] M. R. Gaberdiel and R. Volpato, “Mathieu Moonshine and Orbifold K3s”, Contrib. Math.
Comput. Sci. 8, 109 (2014), [arXiv:1206.5143 [hep-th]].
[6] T. Creutzig, G. Hoehn, and T. Miezaki, “The McKay-Thompson series of Mathieu Moonshine
modulo two”, arXiv:1211.3703 [math.NT].
[7] M. R. Gaberdiel, D. Persson, H. Ronellenfitsch and R. Volpato, “Generalized Mathieu Moon-
shine”, Commun. Num. Theor Phys. 07, 145 (2013), [arXiv:1211.7074 [hep-th]].
Landau-Ginzburg Orbifolds and Symmetries of K3 CFTs 59
[8] M. R. Gaberdiel, D. Persson and R. Volpato, “Generalised Moonshine and Holomorphic Orb-
ifolds”, arXiv:1302.5425 [hep-th].
[9] A. Taormina and K. Wendland, “Symmetry-surfing the moduli space of Kummer K3s”,
arXiv:1303.2931 [hep-th].
[10] A. Taormina and K. Wendland, “A twist in the M24 moonshine story”,
arXiv:1303.3221 [hep-th].
[11] M. C. N. Cheng, X. Dong, J. Duncan, J. Harvey, S. Kachru and T. Wrase, “Mathieu Moonshine
and N=2 String Compactifications”, JHEP 1309, 030 (2013), [arXiv:1306.4981 [hep-th]].
[12] M. C. N. Cheng, J. F. R. Duncan and J. A. Harvey, “Umbral Moonshine and the Niemeier
Lattices,” Research in the Mathematical Sciences 2014 1:3, [arXiv:1307.5793 [math.RT]].
[13] J. A. Harvey and S. Murthy, “Moonshine in Fivebrane Spacetimes”, JHEP 1401, 146 (2014),
[arXiv:1307.7717 [hep-th]].
[14] S. Harrison, S. Kachru and N. M. Paquette, “Twining Genera of (0,4) Supersymmetric Sigma
Models on K3,” JHEP 1404, 048 (2014) [arXiv:1309.0510 [hep-th]].
[15] T. Creutzig and G. Ho¨hn, “Mathieu moonshine and the geometry of K3 surfaces”,
Commun. Num. Theor Phys. 8 (2014) no. 2, 295–328, [arXiv:1309.2671 [math.QA]].
[16] M. R. Gaberdiel, A. Taormina, R. Volpato and K. Wendland, “A K3 sigma model with Z82 :
M20 symmetry,” JHEP 1402, 022 (2014), [arXiv:1309.4127 [hep-th]].
[17] D. Persson and R. Volpato, “Second Quantized Mathieu Moonshine”, Commun. Num. Theor.
Phys. 08, 403 (2014), [arXiv:1312.0622 [hep-th]].
[18] T. Wrase, “Mathieu moonshine in four dimensional N = 1 theories”, JHEP 1404, 069 (2014),
[arXiv:1402.2973 [hep-th]].
[19] K. Ono, L. Rolen, and S. Trebat-Leder, “Classical and umbral moonshine: connec-
tions and p-adic properties”, J. Ramanujan Math. Soc. 30 (2015) no. 2, 135–159,
[arXiv:1403.3712 [math.NT]].
[20] M. C. N. Cheng, X. Dong, J. F. R. Duncan, S. Harrison, S. Kachru and T. Wrase, “Mock
Modular Mathieu Moonshine Modules”, Research in the Mathematical Sciences (2015) 2:13,
[arXiv:1406.5502 [hep-th]].
[21] N. M. Paquette and T. Wrase, “Comments on M24 representations and CY3 geometries”, JHEP
1411, 155 (2014), [arXiv:1409.1540 [hep-th]].
[22] J. A. Harvey, S. Murthy and C. Nazaroglu, “ADE Double Scaled Little String Theories, Mock
Modular Forms and Umbral Moonshine”, JHEP 1505, 126 (2015), [arXiv:1410.6174 [hep-th]].
[23] J. F. R. Duncan, M. J. Griffin and K. Ono, “Moonshine”, arXiv:1411.6571 [math.RT].
[24] N. Benjamin, S. M. Harrison, S. Kachru, N. M. Paquette and D. Whalen, “On the elliptic
genera of manifolds of Spin(7) holonomy”, arXiv:1412.2804 [hep-th].
[25] M. C. N. Cheng, S. M. Harrison, S. Kachru and D. Whalen, “Exceptional Algebra and Sporadic
Groups at c=12”, arXiv:1503.07219 [hep-th].
Landau-Ginzburg Orbifolds and Symmetries of K3 CFTs 60
[26] J. F. R. Duncan and S. Mack-Crane, “Derived Equivalences ofK3 Surfaces and Twined Elliptic
Genera”, arXiv:1506.06198 [math.RT].
[27] T. Gannon, “Much ado about Mathieu”, arXiv:1211.5531 [math.RT].
[28] J. F. R. Duncan, M. J. Griffin and K. Ono, “Proof of the Umbral Moonshine Conjecture”,
arXiv:1503.01472 [math.RT].
[29] M. C. N. Cheng, “K3 Surfaces, N=4 Dyons, and the Mathieu Group M24”, Commun. Num.
Theor. Phys. 4 (2010) 623, [arXiv:1005.5415 [hep-th]].
[30] M. R. Gaberdiel, S. Hohenegger, and R. Volpato “Mathieu twining characters for K3”,
arXiv:1006.0221 [hep-th].
[31] T. Eguchi and K. Hikami, “Note on Twisted Elliptic Genus of K3 Surface”, Phys.Lett. B 694
(2011) 446–455, [arXiv:1008.4924 [hep-th]].
[32] M. C. N. Cheng and J. F. R. Duncan, “On Rademacher Sums, the Largest Mathieu Group,
and the Holographic Modularity of Moonshine”, Commun. Num. Theor. Phys. 6, 697 (2012),
[arXiv:1110.3859 [math.RT]].
[33] M. C. N. Cheng and J. F. R. Duncan, “The Largest Mathieu Group and (Mock) Automorphic
Forms”, arXiv:1201.4140 [math.RT].
[34] V. V. Nikulin, “Ka¨hlerian K3 Surfaces and Niemeier Lattices”, arXiv:1109.2879 [math.AG].
[35] M. C. N. Cheng and S. Harrison, “Umbral Moonshine and K3 Surfaces”, Commun. Math.
Phys. 339, no. 1, 221 (2015), [arXiv:1406.0619 [hep-th]].
[36] S. Mukai, “Finite groups of automorphisms ofK3 surfaces and the Mathieu group”, Inventiones
mathematicae 94, 1 (1988), Springer. Invent. Math. 94 (1988) no. 1, 183–221.
[37] S. Kondo¯, “Niemeier lattices, Mathieu groups, and finite groups of symplectic automorphisms
of K3 surfaces”, Duke Math. J. 92 (1998) no. 3, 593–603.
[38] M. R. Gaberdiel, S. Hohenegger and R. Volpato, “Symmetries of K3 sigma models”, Commun.
Num. Theor. Phys. 6, 1 (2012), [arXiv:1106.4315 [hep-th]].
[39] D. Huybrechts, “On derived categories of K3 surfaces and Mathieu groups”,
arXiv:1309.6528 [math.AG].
[40] M. C. N. Cheng, J. F. R. Duncan, S. M. Harrison and S. Kachru, “Equivariant K3 Invariants”,
arXiv:1508.02047 [hep-th].
[41] M. C. N. Cheng, S. M. Harrison, R. Volpato and M. Zimet, “K3 String Theory, Lattices and
Moonshine,” arXiv:1612.04404 [hep-th].
[42] I. B. Frenkel, J. Lepowsky, and A. Meurman, “A moonshine module for the Monster”, in
Vertex operators in mathematics and physics (Berkeley, Calif., 1983), vol. 3 of Math. Sci. Res.
Inst. Publ., pp. 231–273. Springer, New York, 1985.
[43] I. Frenkel, J. Lepowsky, and A. Meurman, Vertex operator algebras and the Monster, vol. 134
of Pure and Applied Mathematics. Academic Press Inc., Boston, MA, 1988.
Landau-Ginzburg Orbifolds and Symmetries of K3 CFTs 61
[44] J. F. Duncan, “Super-moonshine for Conway’s largest sporadic group”, Duke Math. J.,
139(2):255-315, (2007), [arXiv:math/0502267].
[45] J. F. R. Duncan and S. Mack-Crane, “The Moonshine Module for Conway’s Group”, SIGMA
3, e10 (2015), [arXiv:1409.3829 [math.RT]].
[46] E. Witten, “On the Landau-Ginzburg description of N=2 minimal models”, Int. J. Mod. Phys.
A 9, 4783 (1994), [arXiv:hep-th/9304026].
[47] W. Lerche, C. Vafa and N. P. Warner, “Chiral Rings in N=2 Superconformal Theories”, Nucl.
Phys. B 324, 427 (1989).
[48] D. A. Kastor, E. J. Martinec and S. H. Shenker, “RG Flow in N=1 Discrete Series”, Nucl.
Phys. B 316, 590 (1989).
[49] S. Cecotti, “N=2 Landau-Ginzburg versus Calabi-Yau sigma models: Nonperturbative as-
pects”, Int. J. Mod. Phys. A 6, 1749 (1991).
[50] P. Fendley and K. A. Intriligator, “Scattering and Thermodynamics of Integrable N=2 Theo-
ries”, Nucl. Phys. B 380, 265 (1992), [arXiv:hep-th/9202011].
[51] O. Gray, “On the complete classification of the unitary N=2 minimal superconformal field
theories,” Commun. Math. Phys. 312 (2012) 611 [arXiv:0812.1318 [hep-th]].
[52] A. Cappelli, C. Itzykson and J. B. Zuber, “Modular Invariant Partition Functions in Two-
Dimensions”, Nucl. Phys. B 280, 445 (1987).
[53] D. Gepner and Z. a. Qiu, “Modular Invariant Partition Functions for Parafermionic Field
Theories”, Nucl. Phys. B 285 423 (1987).
[54] E. J. Martinec, “Algebraic Geometry and Effective Lagrangians”, Phys.Lett. B 217 431 (1989).
[55] C. Vafa and N. P. Warner, “Catastrophes and the Classification of Conformal Theories”, Phys.
Lett. B 218, 51 (1989).
[56] A. N. Schellekens and N. P. Warner, “Anomalies and Modular Invariance in String Theory”,
Phys. Lett. B 177, 317 (1986).
[57] A. N. Schellekens and N. P. Warner, “Anomaly Cancellation and Selfdual Lattices”, Phys.
Lett. B 181, 339 (1986).
[58] A. N. Schellekens and N. P. Warner, “Anomalies, Characters and Strings”, Nucl. Phys. B 287,
317 (1987).
[59] T. Kawai, Y. Yamada and S. K. Yang, “Elliptic genera and N=2 superconformal field theory”,
Nucl. Phys. B 414, 191 (1994), [arXiv:hep-th/9306096].
[60] V. Gritsenko, “Elliptic genus of Calabi-Yau manifolds and Jacobi and Siegel modular forms”,
arXiv:9906190 [math.AG].
[61] V. K. Dobrev, “Characters of the Unitarizable Highest Weight Modules Over the N = 2
Superconformal Algebras”, Phys. Lett. B 186, 43 (1987).
[62] E. Kiritsis, “Character Formulae and the Structure of the Representations of the N = 1, N = 2
Superconformal Algebras”, Int. J. Mod. Phys. A 3, 1871 (1988).
Landau-Ginzburg Orbifolds and Symmetries of K3 CFTs 62
[63] P. Di Francesco and S. Yankielowicz, “Ramond sector characters and N=2 Landau-Ginzburg
models”, Nucl. Phys. B 409, 186 (1993), [arXiv:hep-th/9305037].
[64] D. Gepner, “Space-Time Supersymmetry in Compactified String Theory and Superconformal
Models”, Nucl. Phys. B 296, 757 (1988).
[65] B. R. Greene, C. Vafa and N. P. Warner, “Calabi-Yau Manifolds and Renormalization Group
Flows”, Nucl. Phys. B 324, 371 (1989).
[66] E. Witten, “Phases of N=2 theories in two-dimensions”, Nucl. Phys. B 403, 159 (1993),
[arXiv:hep-th/9301042].
[67] V. Gorbounov, F. Malikov, “Vertex Algebras and the Landau-Ginzburg/Calabi-Yau Corre-
spondence”, Mosc. Math. J 4(3) (2004) 729.
[68] L. A. Borisov, “Vertex algebras and mirror symmetry”, Commun. Math. Phys. 215 (2001)
517, [arXiv:math/9809094].
[69] T. Eguchi, H. Ooguri, A. Taormina and S. K. Yang, “Superconformal Algebras and String
Compactification on Manifolds with SU(N) Holonomy”, Nucl. Phys. B 315 (1989) 193.
[70] P. S. Aspinwall and D. R. Morrison, “String theory on K3 surfaces”, In *Greene, B. (ed.),
Yau, S.T. (ed.): Mirror symmetry II* 703-716, [arXiv:hep-th/9404151].
[71] P. S. Aspinwall, “Enhanced gauge symmetries andK3 surfaces”, Phys. Lett. B 357, 329 (1995),
[arXiv:hep-th/9507012].
[72] P. S. Aspinwall, “K3 surfaces and string duality”, In *Yau, S.T. (ed.): Differential geometry
inspired by string theory* 1-95, [arXiv:hep-th/9611137].
[73] W. Nahm and K. Wendland, “A Hiker’s guide to K3: Aspects of N=(4,4) supercon-
formal field theory with central charge c = 6”, Commun. Math. Phys. 216, 85 (2001),
[arXiv:hep-th/9912067].
[74] J.H. Conway, “Atlas of finite groups: maximal subgroups and ordinary characters for simple
groups”, Oxford University Press (1985).
[75] R. T. Curtis, “On subgroups of· 0. I. Lattice stabilizers”, Journal of Algebra 27, 3, 549-573
(1973), Elsevier.
[76] J. H. Conway and N. J. A. Sloane, “Sphere packings, lattices and groups”, Springer Science &
Business Media, 290 (2013).
[77] G. Ho¨hn and G. Mason, “Finite groups of symplectic automorphisms of hyperka¨hler manifolds
of type K3[2]”, [arXiv:1409.6055 [math-AG]].
[78] B. R. Greene, M. R. Plesser and S. S. Roan, “New constructions of mirror manifolds: Probing
moduli space far from Fermat points”, In *Yau, S.T. (ed.): Mirror symmetry I* 347-389.
[79] S. Levy, “The eightfold way: the beauty of Klein’s quartic curve”, vol. 35 (2001), Cambridge
University Press.
[80] K. Frantzen, “K3-surfaces with Special Symmetry”, Ph.D. thesis, [arXiv:math-AG/0902.3761].
Landau-Ginzburg Orbifolds and Symmetries of K3 CFTs 63
[81] J. Distler and S. Kachru, “(0,2) Landau-Ginzburg theory”, Nucl. Phys. B 413, 213 (1994),
[arXiv:hep-th/9309110].
[82] A. Beauville and R. Donagi “La varie´te´ des droites dune hypersurface cubique de dimension
4”, CR Acad. Sci. Paris Se´r. I Math, 3014, 14, pp.703-706, (1985).
[83] L. Fu, “Classification of Polarized Symplectic Automorphisms of Fano Varieties of Cubic Four-
folds”, [arXiv:1303.2241 [math-AG]].
[84] G. Mongardi, “Automorphisms of Hyperka¨hler manifolds”, Ph.D. thesis,
[arXiv:1303.4670 [math-AG]].
[85] D. Huybrechts, “The K3 Category of a Cubic Fourfold”, [arXiv:1505.01775 [math-AG]].
[86] R. Dijkgraaf, G. W. Moore, E. P. Verlinde and H. L. Verlinde, “Elliptic genera of sym-
metric products and second quantized strings”, Commun. Math. Phys. 185 (1997) 197,
[arXiv:hep-th/9608096].
[87] A. Adler, “On the automorphism group of a certain cubic threefold”, American Journal of
Mathematics, pg. 1275-1280 (1978), JSTOR.
[88] J. P. Smith “Picard-Fuchs Differential Equations for Families of K3 Surfaces”, Ph.D. thesis,
[arXiv:math-AG/0705.3658].
